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Harmonic flow-field representations of quantum bits and gates
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We describe a general procedure for mapping arbitrary n-qubit states to two-dimensional (2D) vector fields.
The mappings use complex rational function representations of individual qubits, producing classical vector
field configurations that can be interpreted in terms of 2D inviscid fluid flows or electric fields. Elementary
qubits are identified with localized defects in 2D harmonic vector fields, and multiqubit states find natural
field representations via complex superpositions of vector field products. In particular, separable states appear
as highly symmetric flow configurations, making them both dynamically and visually distinct from entangled
states. The resulting real-space representations of entangled qubit states enable an intuitive visualization of their
transformations under quantum logic operations. We demonstrate this for the quantum Fourier transform and
the period finding process underlying Shor’s algorithm, along with other quantum algorithms. Due to its generic
construction, the mapping procedure suggests the possibility of extending concepts such as entanglement or
entanglement entropy to classical continuum systems, and thus may help guide new experimental approaches to
information storage and nonstandard computation.

DOI: 10.1103/PhysRevResearch.6.043039

I. INTRODUCTION

Classical continuum systems can be used to store and
manipulate discrete information robustly. From passive [1–3]
and active [4–6] fluids to DNA-based computers [7], the large
configuration spaces of continuum systems allow for the sta-
ble creation and handling of classical bits [8]. A particularly
interesting question is how this information storage capability
compares to quantum systems [9], which typically involve
entanglement [10]. Recent work has shown that certain non-
quantum entanglements [11] can be realized in classical light
fields [12–15] and coupled billiard balls [16]. However, the
problem of creating analogs of more general entanglements
in classical continuum systems continues to present chal-
lenges [10,17,18]. Here, by building on ideas underlying the
Poincaré-Bloch sphere [19,20] and Majorana star [21–24]
representations of quantum states, we exhibit a family of
formal mappings between n-qubit states and two-dimensional
(2D) hydrodynamic flow fields. The topological defects and
stagnation points of these flow fields encode properties of the
corresponding n-qubit state.
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The resulting classical qubit representations have the prop-
erty that the tensor product of qubits corresponds to the
complex product of vector fields, and qubit superpositions
correspond to sums of vector fields. Furthermore, by using
analytic functions with a finite number of singular points
as the elementary building blocks, these mappings represent
multiqubit states as harmonic vector fields, which can theoret-
ically be realized as inviscid potential flows. In the mapping
presented here, qubit properties are linked to the charge and
position of vector field defects [although, in principle, in-
finitely many other representations could be constructed in a
similar manner (Appendix A)]. Entanglement corresponds to
vector fields with irregular patterns of zeros, whereas sepa-
rable states consist of defects arranged in regular polygonal
halos around central basis defects. Thus, these results ad-
ditionally present an alternative perspective on the role of
topological defects in 2D flows [25]. Below, we demonstrate
how this representation can be used to visualize the quantum
Fourier transform [26], the Deutsch-Jozsa algorithm [27], and
the period funding subroutine of Shor’s algorithm [28]. The
complexity of the underlying fluid structures illustrates the
difficulty of simulating a quantum computer with a classical
device.

Our hydrodynamic visualizations of multiqubit states are
based on mappings from a Hilbert space to the vector space
of 2D vector fields (u(x, y), v(x, y)). Since points (x, y) ∈
R2 and vectors (u, v) ∈ R2 can be identified with complex
numbers, this space, V , is also the vector space of complex
functions

z = x + iy �→ f (z) = u(x, y) − iv(x, y).
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FIG. 1. Vector field representations of single-qubit basis states.
The basis states are mapped to complex functions f which cor-
respond to 2D vector fields (u, v) = (Re f ∗, Im f ∗). In complex
notation the flow fields have a single zero (black circle) or a pole
(white diamond). Poles indicate the state |0〉 ∼ z−d , and zeros indi-
cate the state |1〉 ∼ zd , illustrated here for defect charge d = 1 and
d = 3. Scale bar: length 1.

Restricting to holomorphic functions f selects for harmonic
vector fields (Re f ∗, Im f ∗) = (u, v), which are both curl-free
and divergence-free away from singularities. This fact fol-
lows from the Cauchy-Riemann equations for f , which imply
ux + vy = uy − vx = 0. Such vector fields arise in a variety
of classical 2D phenomena, including fluid flows [25], elec-
trostatic fields [29], polar liquid crystals [30,31] and elastic
systems [32,33]. The zeros and poles of f are defects of the
vector field (Fig. 1), and facilitate visualizations of the qubit
states.

II. MAPPING QUBITS TO VECTOR FIELDS

To visualize qubits as 2D vector fields, we construct a
linear map, �(n), from the space of n qubits, H(n), to the
vector space of complex functions which are smooth almost
everywhere, V , in such a way that the tensor product of qubits
corresponds to a product of complex functions. Since the
tensor product of qubits is not commutative, we must con-
struct a sequence of linear maps φ j for 1 � j � n which send
the 1-qubit Hilbert space H = H(1) to different subspaces of
complex functions, φ j (H) ⊂ V . In particular, φ j (H) 	= φk (H)
if j 	= k. From the base maps φ j : H → V , the linear map
�(n) : H(n) → V can be constructed as

∑
σ∈{0,1}n

λσ |σ1σ2 . . . σn〉 �→
∑

σ∈{0,1}n

λσ

n∏
j=1

φ j (|σ j〉), (1)

where λσ ∈ C is the component of the computational basis
state |σ〉 = |σ1σ2...σn〉. The linearity of �(n) ensures that su-
perposition of qubits corresponds to addition of vector fields.
For mathematical consistency, the linear independence of

different qubits must be preserved in the vector field repre-
sentation. This condition sets ker(�(n) ) = {0}. Additionally,
the computational basis states are built up by taking prod-
ucts of the functions φ j (|σ 〉). The tensor product operation
therefore becomes complex multiplication in the vector field
representation.

Using this class of harmonic vector field representations,
we can realize qubit indistinguishability by selecting maps
which send different qubits to translations of the same ele-
mentary basis vector field (Fig. 2). A general construction of
such a representation starts with choosing two functions q0(z)
and q1(z) to represent the |0〉 and |1〉 states, respectively. An
n-qubit state in the computational basis is then constructed by
taking translations and products of q0 and q1

φ j (|σ 〉) = qσ (z − a j ),

�(n)(|σ1σ2...σn〉) =
n∏

j=1

qσ j (z − a j ),

where the a j’s are distinct but can otherwise be chosen ar-
bitrarily. From this basis, any n-qubit state may be obtained
by addition. Here, we focus on the case where q0(z) = z−d

and q1(z) = zd [Fig. 2(a)], which corresponds to storing qubit
information in the degree and location of a topological defect

�(n)(|σ1σ2...σn〉) =
n∏

j=1

(z − a j )
(2σ j−1)d . (2)

In particular the a j’s can be thought of as the locations of
the basis defects of the flow field. Superpositions will typ-
ically have poles at these basis defect locations [Figs. 2(b)
and 2(c)], since the state |0〉 is mapped to (z − aj )−d . We
refer to this mapping, whose properties we examine below, as
the defect position representation with charge d . To illustrate
the generality of the flow field mapping, �(n) [Eq. (1)], in
Appendix A we present an additional visualization where all
qubit properties are stored in defect degree.

For linear independence in the defect position repre-
sentation [Eq. (2)], the charge d must depend on n, the
number of qubits which are being represented (Appendix B).
Specifically, we require the 2n rational functions

∏n
j=1(z −

a j )(2σ j−1)d to be linearly independent, where σ1...σn ∈ {0, 1}n.
This is always possible for sufficiently large d [34]; we pro-
vide an argument demonstrating this fact in Appendix B.
A lower bound on the d required for linear independence
can be derived by multiplying these functions by a factor
of

∏n
j=1(z − a j )d , and examining the resulting polynomi-

als. Linear independence of the original rational functions
is equivalent to linear independence of the 2n polynomials∏n

j=1(z − a j )2σ j d . This family of polynomials has maximum
degree 2dn, so a linearly independent set can have at most
2dn + 1 members. We therefore require 2dn + 1 > 2n, which
gives a lower bound on the degree d . In particular, d must
grow at least as fast as d ∼ n−12n for linear independence.
This illustrates the practical limitations of experimentally im-
plementing large n-qubit systems using classical continuum
fields. Despite these caveats, the flow field representation
appears experimentally viable for smaller values of n. In par-
ticular, for n � 4, it suffices to choose d � 3 [Figs. 3 and 4,
(Appendix B)]. Commonly used entangled 3-qubit states,
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(a)

(b) (c)

FIG. 2. Vector field representations of 2-qubit states. (a) The 2-qubit computational basis states are mapped to complex functions f , with
poles (white diamonds) and zeros (filled circles) at the locations of the basis defects (here, −1 and +1). The basis states have defects with
fixed absolute charge d (here d = 1). (b) Separable states typically give rise to poles at the basis defect positions (diamonds) surrounded by
equiangular halos of stagnation points (filled, color-coordinated circles) where the flow velocity vanishes. The number of halo points is equal
to 2d . The separable states in (a) arise when the halo defects are at infinity or coincide with the locations of the basis defects. (c) Entangled
nonseparable states, such as the Bell states depicted here, are distinguished by their lack of regular defect halos. Scale bar: length 1.

such as the |GHZ〉 and |W 〉 states can therefore be realized
with moderately charged defects.

To complete the analogy with quantum processes, an inner
product on the space of n-qubit vector fields, �(n)(H(n) ) ⊂ V ,
can be constructed by mapping the vector fields to C2n

. For
some ζ ∈ C, define the map π : �(n)(H(n) ) → C2n

f �→ v = [ f (ζ ), D f (ζ ), D2 f (ζ ), ..., D2n−1 f (ζ )],

where f ∈ �(n)(H(n) ) and D = d/dz = 1/2(∂/∂x − i∂/∂y)
denotes the complex derivative. An inner product on C2n

gives rise to an inner product on V , since π is a linear map.
We require the n-qubit basis states to be orthonormal under
this inner product. Let vσ be the image of the vector field
representing |σ〉 under the map π , where σ is an n-bit binary
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FIG. 3. 3-qubit entanglement. Entangled 3-qubit states corre-
spond to flows with irregular patterns of zeros (purple circles) around
the basis defects at −1, i, +1. Visualization has charge d = 3. White
diamonds denote poles. Scale bars: length 1.
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FIG. 4. Quantum Fourier transform. (a) The quantum Fourier
transform [26] acts on 3 qubits at −1, +i, +1 with defect charge
d = 3. Computational basis states are mapped to separable states
with equiangular defect halos of size 2d = 6 (red, green, and blue cir-
cles), centered at the locations of the basis defects. (b) The quantum
Fourier transform of non-basis states generates entanglement, which
is apparent from the irregular, nonequiangular pattern of defects in
the flow field picture. Halo defects are colored red, green, or blue
by interpolating from QFT |111〉 (top row) to QFT (|111〉 + |110〉)
(bottom row) in the flow field picture. Scale bar: length 1.
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string. We, therefore, need an inner product under which the
vectors vσ are orthonormal. Let B be the 2n × 2n matrix whose
columns are the vectors vσ . Provided the n-qubit vector fields
are linearly independent (Appendix B), it is always possible
to choose the evaluation point ζ ∈ C so that B is invertible
[35]. Finally, P = (B−1)†B−1, is the required inner product,
satisfying 〈vσ, vσ ′ 〉P = v†

σPvσ ′ = δσσ ′ . For functions f1, f2 ∈
�(n)(H(n) ), this becomes 〈 f1, f2〉 = 〈π ( f1), π ( f2)〉P.

III. QUANTUM STATES AND ALGORITHMS

An immediate benefit of the vector field representation
above, Eq. (2), is that entanglement can be detected through
direct visual inspection of flow patterns. Since tensor products
correspond to vector field products, entanglement is linked to
an asymmetry in the halos of stagnation points that surround
the basis defects. To see this, consider the space of 2-qubit
vector fields �(2)(H(2) ) with charge d = 1 and basis defects
at ±1 (Fig. 2) given by

|σ1σ2〉 �→ (z + 1)2σ1−1(z − 1)2σ2−1.

A general separable state in H(2) corresponds to a rational
function as follows:

�(2)((α|0〉 + β|1〉) ⊗ (γ |0〉 + δ|1〉)) = f (z),

where

f (z) = (α + β(z + 1)2)(γ + δ(z − 1)2)

(z + 1)(z − 1)
.

This yields a vector field with halo defects at −1 ± √−α/β

and 1 ± √−γ /δ, and these defects are zeros of the corre-
sponding holomorphic function. In special cases, these halos
of zeros around ±1 could be pushed to infinity or could
coincide with either of the basis defects at ±1. For example,
the separable basis states |00〉 and |11〉 have β = δ = 0 and
α = γ = 0, respectively, which correspond to halo defects
at infinity, or at ±1. However, a generic separable state will
have an equiangular halo of defects arranged around the basis
defect locations [Fig. 2(b)], with no additional free defects
(Appendix B). Entangled states, which lack these regular halo
defects, are therefore characterized by their asymmetric defect
patterns [Figs. 2(c) and 3]. States with almost symmetric
defect halos correspond to entangled states which are close
to separable states.

This phenomenon is apparent in flow field representations
with charge d > 2. In this case an individual qubit in a sep-
arable state is mapped to a factor of the overall complex
function

α|0〉 + β|1〉 �→ (z − aj )
−d (α + β(z − aj )

2d ),

where a j is the position of the j’th basis defect. The zeros
of this function satisfy (z − a j )2d = −α/β, forming a regular
2d-gon around a j . These defect 2d-gons arise in flow field
representations for a variety of quantum operations, including
the quantum Fourier transform [Fig. 4(a)]. Furthermore, when
a separable state is deformed into an entangled state, the defor-
mation of the regular defect polygons [Fig. 4(b)] demonstrates
the emergence of entanglement. However, when d is large, as
is necessary when qubit number, n, is large, these equiangular

defect halos become correspondingly more difficult to identify
accurately.

Using concepts from quantum information theory, more
refined measures of entanglement can be associated to vector
fields that represent a qubit state. For a bipartite state describ-
ing two systems A and B, |ψ〉AB, the entanglement entropy is
defined by first constructing a reduced density matrix ρA =
TrB |ψ〉〈ψ |AB. The entanglement entropy, S = TrρA log ρA, is
independent of the choice of system to trace over, and van-
ishes for a product state. For the Bell states in Fig. 2(c),
the subsystems A and B are the first and second qubit. The
partial trace produces a density matrix ρA = |0〉〈0| + |1〉〈1|
in both cases. Both Bell states therefore have S = 2, despite
the differences in their defect patterns. Choosing system A
to be the first qubit and B to be the remaining qubits, the
entanglement entropies of the 3-qubit states in Fig. 3 are
SGHZ = log 2 and SW = log 3 − (2/3) log 2 < SGHZ . Relating
these measures of entanglement to the flow field pattern and
arrangement of defects represents an interesting challenge.
Recent results have shown that the geometry of the Majorana-
star representation for qubits plays a role in understanding
multipartite entanglements [22]. The structure of the vector
field mapping could similarly provide insight into multipartite
entanglement.

Defect dynamics in the flow field picture enables the
visualization of general quantum operations, including the
Deutsch-Jozsa algorithm [27] (Fig. 5) and the period finding
routine in Shor’s algorithm [28] (Fig. 6). Using a 4-qubit flow
field mapping with d = 3, the Deutsch-Jozsa algorithm can
be implemented on 3 qubits and 1 ancillary qubit (Fig. 5).
In this case, the algorithm can distinguish between 3-bit
balanced and constant functions. To see how the flow field
picture reveals information about intermediate states involved
in this algorithm, consider the following 3-bit balanced func-
tion f (Fig. 5): f (σ) = 0 for σ = 000 = 001 = 010 = 111
and f (σ) = 1 for σ = 011 = 100 = 101 = 110. Ignoring the
ancillary qubit and the overall normalization of the state,
implementing f produces the following state (Fig. 5, third
column, top row)∑

σ∈{0,1}3

(−1) f (σ )|σ〉

= (|0〉 − |1〉) ⊗ (|00〉 + |01〉 + |10〉 − |11〉)

= (|0〉 − |1〉) ⊗ [|0〉 ⊗ (|0〉 + |1〉) + |1〉 ⊗ (|0〉 − |1〉)].

(3)

The first qubit factorizes out, but the second and third qubits
do not factorize, so the state has entanglement. In the flow-
field picture, these properties follow from visually examining
the defect halos. Specifically, the presence of an equiangular
defect halo around a single basis defect provides a necessary
condition for the existence of a factorization of the underlying
n-qubit state (Appendix B). The defect halo around only the
first basis defect of the state in Eq. 3 (Fig. 5 column 3, top row)
is therefore a signature of the factorizability and entanglement
of the state.

The flow-field picture for the period finding routine of
Shor’s algorithm provides further visualizations of entangle-
ment. The defect halo criterion for separability makes the
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Initial state

Balanced

0 250 500

Flow magnitude

Constant

0

Orientation angle

FIG. 5. Flow field visualization of the Deutsch-Jozsa algorithm. The Deutsch-Jozsa algorithm can be visualized using a 4 − qubit flow
field representation of charge d = 3, with input qubits at −1, +i,+1, and an ancillary qubit at −i. The algorithm involves applications of
the single qubit Hadamard gate, H |σ 〉 = 2−1/2(|0〉 + (−1)σ |1〉), and a function which is either balanced or constant [26]. Here, the balanced
function satisfies f (000) = f (001) = f (010) = f (111) = 0, f (011) = f (100) = f (101) = f (110) = 1. The flow fields are characterized by
their poles (white diamonds) and zeros (filled circles). The presence of equiangular halo defects (red, green, blue, and brown circles) in certain
states indicates separability or factorizability. The purple halo defects (columns 3 and 4, top row) are not equiangular, indicating the presence
of entanglement. When f is constant, the Deutsch-Jozsa algorithm leaves the input qubits in state |000〉 (column 4, bottom row), whereas when
f is balanced, the final state has no overlap with |000〉 (column 4, top row). Scale bar: length 1.

intermediate entangled states particularly apparent (Fig. 6).
As before partial presence of defect halos (Fig. 6 column 2,
top row) provides a necessary condition for factorizability of
the n-qubit state (Appendix B). The behavior of flow field de-
fects thus captures the propagation of information in a variety
of quantum processes, from qubit logic gates (Appendix A)
and quantum Fourier transforms (Fig. 4) to the Deutsch-Jozsa
algorithm (Fig. 5) and Shor’s algorithm (Fig. 6).

IV. DISCUSSION

Recent technological advances in the control of topological
structures [36] in fluids [37], and other soft systems [38–41],
are promising candidates for experimentally realizing some
of these vector field structures in 2D geometries [31,42]. In
particular, our qubit representations are harmonic vector fields
which arise naturally in fluids [25], liquid crystals [30,31]
and elasticity [32,33], along with a variety of other physical
contexts. Since a harmonic vector field is determined by its
boundary conditions and singularities, experimentally con-
trolling the location of the poles and the boundary values
would enable the physical realization of the vector fields
discussed here, within a given domain. The difficulty of
manipulating a given n-qubit vector field representation de-
pends upon its defect charge d . For small d , the problem of

constructing the qubit vector field representations presented
here therefore has the potential to be experimentally tractable.

To conclude, the mappings discussed here demonstrate
the Hilbert space structure of 2D flow fields. By capturing
both the linear structure and the tensor product structure,
such flow fields provide possible classical representations of
entangled qubit states. The underlying construction is gen-
eral: different choices of the linear maps φ j from a single
qubit Hilbert space to 2D vector fields, will yield further
realizations. The observation that infinitely many alternative
representations exist suggests an opportunity for tailoring
representations towards physical robustness and optimal scal-
ability (Appendix C). From a theoretical perspective, the
qubit-flow analogy presents another avenue for studying topo-
logical defects. For example, the topology associated with
qubit Hilbert spaces, such as the 2-qubit Hopf fibration [43],
can be mapped to the flow field picture. Conversely, analysis
of the corresponding classical flow fields may provide insight
into the topology of more complex qubit systems. The qubit
analogy also presents an opportunity to extend a previously
noted correspondence between quantum theory and classi-
cal statistical mechanics [44]. In particular, the mappings
presented here raise the interesting question of how defect
entanglement and entanglement entropy [45,46] could be gen-
eralized to flow and deformation fields in more complex fluids
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Initial state

Period 2

0 250 500

Flow magnitude

Period 4

0

Orientation angle

Measurement

FIG. 6. Flow field visualization of the period finding subroutine in Shor’s algorithm. The quantum period finding algorithm on 4 qubits
with charge d = 3 (input qubits at −1, +1 and ancillary qubits at +i, −i), can be used to find the period of an integer function with periodicity
r � 4. In the special case where r|4 (i.e., r 	= 3), test functions with periods 2 and 4 are taken to be f2(0) = f2(2) = 1, f2(1) = f2(3) = 3
and f4(0) = 1, f4(1) = 2, f4(2) = 0, f4(3) = 3. For notational convenience |σ1σ2〉 is written |2σ1 + σ2〉. The algorithm involves applications
of the quantum Fourier transform which is typically entangling (Fig. 4), producing flow fields with zeros that do not form equiangular halos
(purple circles). The presence of equiangular halo zeros (blue and red circles) in certain states indicates separability or factorizability. In the
final state (column 4), the input qubits are in a superposition of states |k2n/r〉 for integer k. An additional measurement of the n = 2 input
qubits therefore gives the result |k2n/r〉 for a specific value k, allowing r to be deduced from multiple runs of the algorithm. Scale bar:
length 1.

and continuum systems, including passive [47] and active [48]
liquid crystals and membranes [49].
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APPENDIX A: DEFECT CHARGE REPRESENTATION

Here we construct the defect charge representation, another
possible flow-field visualization of n-qubit states. In contrast
to the defect position representation discussed in the main text
[Eq. (2)], this representation stores qubit properties entirely
in the topological charge of the flow field defects. Following
the general procedure described in the main text [Eq. (1)],
this visualization can be constructed by choosing linear maps
φ j from the 1-qubit Hilbert space, H, to the vector space of
complex functions, V . The map φ j can be thought of as acting

on the j’th qubit of an n-qubit state. In the defect charge
representation, the single qubit basis states for the j’th qubit
are mapped to different powers of the complex variable z

φ j (|0〉) = 1

zd j−1 , φ j (|1〉) = zd j−1
, (A1)

where we choose d = 3 for our visualizations (Figs. 7–9). The
expression zd j−1 is used as shorthand for the function z �→
zd j−1.

1. 1-qubit states

The map φ1 is independent of d . For a single qubit, the
defect charge representation therefore produces similar results
to the representation based on defect position discussed in the
main text

φ1(|0〉) = 1

z
, φ1(|1〉) = z.

The 1-qubit Hilbert space is mapped to the vector space of
complex functions spanned by {1/z, z}. Single qubit opera-
tions, including logic gates, can be visualized in this space
(Figs. 7 and 8).
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FIG. 7. Transition from |0〉 to |1〉. The transition is parameterized by |�〉 = cos θ |0〉 + sin θ |1〉, where θ goes from 0 to π/2. The states are
mapped to complex functions f which correspond to 2D vector fields (u, v) = (Re f ∗, Im f ∗). During the transition, two zeros (filled circles)
approach the pole (white diamond) of the complex function at z = 0. In the final state, |� ′〉 = |1〉, only a zero at the origin remains. Scale bar:
length 1.

2. Multiqubit states and innner product

Multiqubit basis states are constructed from tensor prod-
ucts of single-qubit states. In the flow field picture, this
is achieved by multiplying the meromorphic functions

representing single-qubit states

�(n)(|σ1σ2...σn〉) =
n∏

j=1

φ j (|σ j〉).

(a)

(c)

(e)

(b)

(d)

(f)

Hadamard gate Pauli-X gate

Pauli-Y gate Pauli-Z gate

√X gate S gate
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FIG. 8. Single qubit logic gates applied to the |0〉 and |1〉 basis states. Qubit states are mapped to complex functions f with poles (white
diamonds) and zeros (filled circles). (a) Hadamard gate, (b) Pauli-X gate, (c) Pauli-Y gate, (d) Pauli-Z gate, (e)

√
X gate, (f) Phase shift S gate.

Scale bar: length 1.
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FIG. 9. Defect charge representation of qubit states. (a) The 2-qubit computational basis states are mapped to complex functions f , with
either a pole (white diamond) or a zero (filled circle) at z = 0. Different basis states are distinguished by the charge of this defect. (b) Entangled
Bell states consist of a pole at z = 0 and an additional pattern of zeros away from the pole. Scale bar: length 1.

In the defect charge representation, the maps φ1 and φ2 are

φ1(|0〉) = 1

z
, φ1(|1〉) = z,

φ2(|0〉) = 1

z3
, φ2(|1〉) = z3,

which leads to the following 2-qubit flow fields

�(2)(|00〉) = 1

z4
, �(2)(|01〉) = z2,

�(2)(|10〉) = 1

z2
, �(2)(|11〉) = z4.

The corresponding vector fields have a single defect at z =
0, with different basis states having distinct defect charges
[Fig. 9(a)]. The full 2-qubit Hilbert space, H(2) = H ⊗ H, is
spanned by the four basis states. The entangled Bell states in
H(2) give rise to flow fields with additional defects [Fig. 9(b)]

1√
2

(|00〉 + |11〉) �→ 1√
2

(
1

z4
+ z4

)
,

1√
2

(|00〉 − |11〉) �→ 1√
2

(
1

z4
− z4

)
,

1√
2

(|01〉 + |10〉) �→ 1√
2

(
z2 + 1

z2

)
,

1√
2

(|01〉 − |10〉) �→ 1√
2

(
z2 − 1

z2

)
.

The inner product between two arbitrary states |�〉
and |� ′〉 can be written compactly in the defect charge

representation, by integrating over the unit circle S1

〈�,� ′〉 = 1

2π

∫ 2π

0
dθ (�(n)[�])∗(�(n)[� ′]).

3. Linear independence

In the defect charge representation, the general form of the
maps φ j is given by (A1)

φ j (|0〉) = 1

zd j−1 , φ j (|1〉) = zd j−1
.

Here we show that for integers d � 2, every n-qubit basis state
is mapped to a different power of z, and so the mapping �(n)

produces 2n linearly independent complex functions. Con-
sider a general n-qubit basis state, |σ〉 = |σ1...σn〉. This state
is mapped to a complex function as follows:

�(n)(|σ〉) = zc(σ),

c(σ) =
n∑

j=1

(2σ j − 1)d j−1 = 2
n∑

j=1

σ jd
j−1 − dn − 1

d − 1
.

Thus c(σ ) is the sum of a constant and the base d rep-
resentation of σ1...σn. Base d representations are unique
provided d > σ j � 0 for all j. Therefore, if d � 2, then
c(σ ) = c(σ ′) ⇔ σ = σ ′, so every σ gets mapped to a different
power of z. Different powers of z are linearly independent, so
this construction yields 2n linearly independent states. There-
fore ker �(n) = {0}.

a. Variable particle number.

We can also consider the question of linear independence
for a more general map that acts on an arbitrary space of k
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qubits. More concretely, let [n] = {1, 2, ..., n} and let S be a
nonempty subset of [n]. Define the linear map �S on H⊗|S| by
its action on a basis

�S : H⊗|S| → V
⊗
j∈S

|σ j〉 �→
∏
j∈S

φ j (|σ j〉).

By linearity, this defines �S on the whole set H⊗|S|. Note that
the maps �S are a generalization of the previously defined
maps �(k) : H⊗k → V

�(k)(|σ1σ1...σk〉) =
k∏

j=1

φ j (|σ j〉) =
∏
j∈[k]

φ j (|σ j〉).

Therefore �(k) = �[k], where [k] = {1, 2, ..., k}. In this sec-
tion, we will show that for d � 3, all the polynomials in the
following set are all linearly independent:

P =
{

�S

(⊗
j∈S

|σ j〉
)

: S ⊆ [n], S 	= ∅, σ ∈ {0, 1}|S|
}

.

The condition d � 3 is necessary. For example, when d = 2
the function 1/z lies in the image of both �(2) and �(1), so P
is not a linearly independent set

�(2)(|1〉 ⊗ |0〉) = φ1(|1〉)φ2(|0〉) = z1×20−1×21

= z−1 = �(1)(|0〉).

The polynomials in P are the image of the qubit states in the
following set:

B =
{ ⊗

j∈S

|σ j〉 : S ⊆ [n], S 	= ∅, σ ∈ {0, 1}|S|
}

.

For each k, there are
(n

k

)
ways of selecting the set S, and 2k

values for the k qubits to take. The total number of states in B
is therefore

|B| = |P| =
n∑

k=1

(
n

k

)
2k = (1 + 2)n − 1 = 3n − 1.

Each state in B can be written down by specifying whether
the j’th qubit is 0, 1 or not included in the state. The states
in B can therefore be written in terms of ternary strings, τ =
τ1τ2...τn where each digit is 0, 1 or 2. Define a subset S(τ) of
[n] as follows:

S(τ ) = { j : τ j 	= 1}.
Since we require S to be a nonempty, the string τ = 1 =
(1, 1, ..., 1) must be excluded. With this notation B becomes

B =
⎧⎨
⎩

⊗
j∈S(τ )

|τ j/2〉 : τ ∈ {0, 1, 2}n\{1}
⎫⎬
⎭.

In this form, we clearly have |B| = 3n − 1. Similarly, P is

P =
{

�S(τ )

( ⊗
j∈S(τ )

|τ j/2〉
)

: τ ∈ {0, 1, 2}n\{1}
}

.

As before, each element of P is a power of z.

�S(τ )

( ⊗
j∈S(τ )

|τ j/2〉
)

= zc(τ)

c(τ) =
n∑

j=1

(τ j − 1)d j−1 =
n∑

j=1

τ jd
j−1 − dn − 1

d − 1
.

The exponent c(τ) is the sum of a constant and the base d
representation of τ1...τn. Base d representations are unique
provided d > σ j � 0 for all j. Therefore, if d � 3, every τ

gets mapped to a different power of z. Different powers of z
are linearly independent, so this construction shows that P is
linearly independent.

APPENDIX B: DEFECT POSITION REPRESENTATION

In this section we analyze properties of the visualization
presented in the main text, the defect position representation.
As described in Eq. (2), this visualization maps n-qubit states
to vector fields using translates of the functions q0(z) = z−d

and q1(z) = zd

|σ〉 = |σ1...σn〉 �→ (z − a1)(2σ1−1)d ...(z − an)(2σn−1)d

= qσ (z) = hσ (z)d ,

where the a j’s are distinct but can otherwise be chosen arbi-
trarily. When d = 1 and a1 = 0, the single qubit vector fields
coincide with those of defect charge representation (Figs. 7
and 8).

1. Linear independence

In this representation, the computational basis states are
mapped to rational functions, hσ (z)d . Below, we show that
the 2n rational functions {hd

σ} are linearly independent for
sufficiently large d . This result is proven in Ref. [34]; here,
we use an alternative argument due to Bjorn Poonen.

Theorem 1. Let f1, ..., fN , g1, ..., gN be nonzero rational
functions from C → C such that no two fi are linearly depen-
dent. Define the degree, deg f , of a rational function f , by the
maximum of the degrees of the numerator and denominator
of f when written as a fraction in its lowest terms. Suppose
deg fi, deg gi � M for all i, where M ∈ Z�0. Then for any
d > 14N M, the expression

∑N
i=1 gi f d

i is not identically 0.
This theorem implies that the functions {hd

σ} are linearly
independent for sufficiently large d . In particular, if the family
{hd

σ} were linearly dependent, then we could find constants
λσ ∈ C which are not all 0, such that∑

σ

λσhd
σ ≡ 0.

Let S be the set of strings σ for which λσ is nonzero. Then∑
σ∈S

λσhd
σ ≡ 0.

Since λσ, hσ are nonzero rational functions, and by construc-
tion, no two hσ are linearly dependent, this violates the above
theorem.

In addition, observe that there are 2n functions hσ , and
deg hσ � n. Therefore, theorem 1 implies that the functions
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{hd
σ} are linearly independent for all d > 142n

n. We note that
the results in Ref. [34] imply the stronger result that d >

2n(2n − 2) suffices to ensure that {hd
σ} are linearly indepen-

dent. Since these results are both upper bounds on the smallest
d needed for linear independence, there could be a smaller d
for which the functions {hd

σ} are linearly independent.
Proof of Theorem 1: We induct on the number of func-

tions N . Concretely, the induction hypothesis states that for
all nonzero rational functions fi, gi with no two fi linearly
dependent, the following is true:

N−1∑
i=1

gi f d
i 	= 0, ∀d > 14N−1 max{deg fi, deg gi}.

The base case is clear, since g1 f d
1 is nonzero for any d . Sup-

pose now that we have some fi and gi satisfying the conditions
of the theorem such that

∑N
i=1 gi f d

i = 0, for some d > 14N M,
where deg fi, deg gi � M for all i. Divide by gN f d

N and let
g̃i = gi/gN , f̃i = fi/ fN

N−1∑
i=1

g̃i f̃ d
i + 1 = 0,

where deg f̃i, deg g̃i � 2M. Since no two fi are linearly de-
pendent, each f̃i is nonconstant. Differentiating the above sum
gives

N−1∑
i=1

(
g̃′

i

g̃i
+ d

f̃ ′
i

f̃i

)
g̃i f̃ d

i =
N−1∑
i=1

Gi f̃ d
i = 0,

where

Gi =
(

g̃′
i

g̃i
+ d

f̃ ′
i

f̃i

)
g̃i.

By construction, the f̃i are nonzero with deg f̃i � 2M, and no
two are linearly dependent. To use the induction hypothesis,
we therefore need to bound deg Gi and show that the Gi are
nonzero for large d . Starting with the latter, observe that

Gi

g̃i
= d

dz
log

(
g̃i f̃ d

i

)
.

Gi is therefore nonzero whenever g̃i f̃ d
i is nonconstant. Since

deg g̃i � 2M, and f̃i is nonconstant, we have that g̃i f̃ d
i is non-

constant for all d > 2M. Since we are assuming d > 14N M
and N � 1, we therefore have that Gi is nonzero. Now con-
sider deg Gi:

deg g̃′
i � 4M,

deg

(
g̃′

i

g̃i

)
� 6M,

deg

(
g̃′

i

g̃i
+ d

f̃ ′
i

f̃i

)
� 12M,

deg Gi � 14M.

Finally, observe that

14N M � 14N−1 max{deg f̃i, deg Gi}.

By the induction hypothesis, we therefore have that∑N−1
i=1 Gi f̃ d

i is nonzero for all d > 14N M, which is a contra-
diction.

a. Lower bound on d

A lower bound on the smallest d for which the functions
{hd

σ} are linearly independent follows from obtaining polyno-
mials from the rational functions hd

σ . In particular, we can clear
the poles of hd

σ through multiplication with (z − a1)d ...(z −
an)d

pσ (z) = (z − a1)d ...(z − an)d hd
σ (z)

= (z − a1)2σ1d ...(z − an)2σnd .

The functions {pσ} are linearly independent if and only if the
{hd

σ} are linearly independent, so it suffices to focus on the
{pσ}. Observe that there are

(n
k

)
states |σ〉 with exactly k

ones and n − k zeros, so there are
(n

k

)
polynomials pσ with

degree 2kd . There are, therefore,
∑

j�k

(n
j

)
polynomials pσ

with degree at most 2kd , and these must all be linearly in-
dependent. Polynomials of degree at most 2kd span a (2kd +
1)-dimensional vector space, so for linear independence, we
need

2kd + 1 �
k∑

j=0

(
n

j

)
, ∀ 0 � k � n.

For odd n, the sum of the first �n/2� binomial coefficients is
2n−1, which gives the following bound:

(n − 1)d + 1 � 2n−1

Thus d must grow at least as fast as d ∼ n−12n.

b. Linear independence of 2-qubit representation.

In the main text we present a 2-qubit construction with
d = 1

|σ〉 �→ hσ (z) = (z + 1)2σ1−1(z − 1)2σ2−1.

We can show that this construction is valid and pro-
duces four linearly independent states. To show this, it
suffices to find b1, b2, b3, b4 ∈ C such that the vectors,
(hσ (b1), hσ (b2), hσ (b3), hσ (b4)), σ ∈ {0, 1}2, are linearly in-
dependent. Equivalently, the matrix of these vectors, which
we denote M, must be nonsingular

M =

⎛
⎜⎜⎝

h00(b1) h01(b1) h10(b1) h11(b1)
h00(b2) h01(b2) h10(b2) h11(b2)
h00(b3) h01(b3) h10(b3) h11(b3)
h00(b4) h01(b4) h10(b4) h11(b4)

⎞
⎟⎟⎠.

Choosing (b1, b2, b3, b4) = (0, i, 2i, 3i) yields a nonsingular
M. Note that the order of the bi’s does not affect the invertibil-
ity of M.

c. Linear independence of 4-qubit representation.

In the main text we present a 4-qubit construction with
d = 3

|σ〉 �→ hσ (z)3

= [(z + 1)2σ1−1(z − i)2σ2−1(z − 1)2σ3−1(z + i)2σ4−1]3.
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As above, to show that this construction is valid and produces
16 linearly independent states, it suffices to find b1, ...b16 ∈ C
such that the vectors, (hσ (b1)3, ..., hσ (b16)3), σ ∈ {0, 1}4, are
linearly independent. Equivalently, the matrix of these vec-
tors, M, must be nonsingular

M =

⎛
⎜⎜⎜⎝

h0000(b1)3 h0001(b1)3 . . . h1111(b1)3

h0000(b2)3 h0001(b2)3 . . . h1111(b2)3

...
...

. . .
...

h0000(b16)3 h0001(b16)3 . . . h1111(b16)3

⎞
⎟⎟⎟⎠.

Choosing the bi’s to be the elements of the following set yields
a nonsingular M{(

x + 1

2

)
+ i

(
y − 1

2

)
: x, y = 0, 1, 2, 3

}
.

In addition, this result implies that linear independence also
holds for the following 3-qubit construction contained within
the above 4-qubit construction:

|σ〉 �→ hσ (z)3 = [(z + 1)2σ1−1(z − i)2σ2−1(z − 1)2σ3−1]3.

2. Inner product

Here we show that the inner product constructed for the
defect position representation is a valid inner product on
�(n)(H(n) ). The construction of the inner product uses the
following mapping:

π : �(n)(H(n) ) → C2n

f �→ v = [ f (ζ ), D f (ζ ), ..., D2n−1 f (ζ )],

where ζ ∈ C and D is the derivative operator. The matrix
B is defined to be the 2n × 2n matrix whose columns are
the vectors π ◦ �(n)(|σ〉), where σ ∈ {0, 1}n. Provided B is
invertible, we set P = (B−1)†B−1 and define the inner product
on �(n)(H(n) ) by

〈 f1, f2〉 = π ( f1)† P π ( f2).

By construction, the 2n functions {�(n)(|σ〉) : σ ∈ {0, 1}n}, are
orthonormal with respect to this inner product. This follows
from the fact that these functions are sent to the column
vectors of B under the mapping π . It remains to show that B is
invertible for some choice of ζ ∈ C. Using qσ (z) = hσ (z)d =
�(n)(|σ〉), we can write down B

B = B(ζ ) = [π (q0...0), ..., π (q1...1)]

=

⎛
⎜⎜⎜⎝

q0...0(ζ ) . . . q1...1(ζ )
Dq0...0(ζ ) . . . Dq1...1(ζ )

...
. . .

...

D2n−1q0...0(ζ ) . . . D2n−1q1...1(ζ )

⎞
⎟⎟⎟⎠.

Here, the ζ dependence of B has been made explicit. The
determinant, det B(ζ ), is the Wronskian of the functions {qσ}.
The Wronskian of a set of analytic functions is identically zero
if and only if the functions are linearly dependent [35]. Since
the {qσ} are linearly independent (as shown above), there must
therefore be some ζ ∈ C for which B is invertible.

3. Separable states and factorizable states

Here we show that equiangular defect halos in the defect
position visualization are a necessary and sufficient condition
for separability of the underlying qubit state. More precisely,
a qubit state is separable if and only if the correspond-
ing flow field consists of basis defects each surrounded by
an equiangular (i.e., regular polygon) halo of defects with
no defects left over. We work with a visualization with
charge d , and with basis defects at a1, ..., an ∈ C. Con-
sider a general separable state and its corresponding flow
field

|σ〉 =
n⊗

j=1

(α j |0〉 + β j |1〉),

�(n)(|σ〉) =
n∏

j=1

(z − a j )
−d (α j + β j (z − a j )

2d ),

where α j, β j ∈ C. Let γ j,1, ..., γ j,2d be the solutions of α j +
β j (z − a j )2d = 0

γ j,k = a j +
∣∣∣∣α j

β j

∣∣∣∣
1

2d

exp

(
i

2d
arg

(−α j

β j

)
+ kπ i

d

)
.

Consider first the case where α j, β j 	= 0 and the (2d + 1)n
numbers, {aj, γ j,k}, are all distinct. Then the complex function
�(n)(|σ〉) will have poles of degree d at each a j , surrounded
by an equiangular halo of zeros of degree 1 at each γ j,k , and a
pole of degree nd at infinity. If some of the numbers {aj, γ j,k}
coincide, or if γ j,k = ∞ (as is the case when β j = 0), then
the degree of corresponding pole or zero must be adjusted
accordingly. However, the overall configuration of defects can
still be interpreted as poles surrounded by equiangular halos
of zeros.

Now suppose we have a complex function f which defines
the flow field for some n-qubit state |σ〉, so f = �(n)(σ ).
Suppose that f has n poles of degree d at points aj , surrounded
by halos of 2d zeros with degree 1 at points γ j,k . Some of
the numbers {a j, γ j,k} may coincide, however the a j’s must be
distinct, as is required by the defect position representation.
Furthermore, the γ j,k’s are allowed to lie at infinity. Observe
that if γ j,k = ∞ for some k then γ j,k = ∞ for all k. Define
α′

j, β
′
j ∈ C as follows:

α′
j =

{
1 if γ j,k = ∞
(γ j,k − a j )2d otherwise,

β ′
j =

{
0 if γ j,k = ∞
1 otherwise.

Since the γ j,k’s are assumed to form regular 2d-gons centered
at the a j’s, the expressions for α′

j, β
′
j do not depend on k.

Consider the separable state

|τ〉 =
n⊗

j=1

(α′
j |0〉 + β ′

j |1〉).

By construction, we have

�(n)(|τ〉) = λ f = λ�(n)(|σ〉)
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N

FIG. 10. Stereographic projection maps the sphere, S2, to the plane, R2.

for some λ ∈ C. Since �(n) is linear, we have |τ〉 = λ|σ〉 so
|σ〉 is separable.

Finally consider n-qubit states which are factorziable into
the product of a 1-qubit state and an (n − 1)-qubit state.
Equiangular defect halos in the flow field picture are a nec-
essary condition for this factorization to exist, as follows from
a similar argument as above. However, the existence of these
defect halos is not a sufficient condition for such a factor-
ization. To see this, observe that equiangular defect halos
around a basis defect aj are allowed to collapse onto a j or be
pushed to infinity. Therefore, a pole at aj can be considered
to represent a basis defect together with an equiangular halo
of defects. However, entangled states which do not permit any
factorizations typically have poles at the basis defect locations
(Main text Fig. 3).

APPENDIX C: STEREOGRAPHIC PROJECTION

The planar vector fields we study here can be mapped to
vector fields on a sphere to produce spherical vector field
representations of multiqubit states. This is achieved through
inverse stereographic projection (Figs. 10–12). Treating the
sphere S2 as embedded in R3, the stereographic projection
map and its inverse are

g(x, y, z) = (X,Y ) =
(

x

1 − z
,

y

1 − z

)
,

g−1(X,Y ) = (x, y, z)

=
(

2X

1+X 2 + Y 2
,

2Y

1+X 2 + Y 2
,
−1+X 2 + Y 2

1 + X 2 + Y 2

)
,

where x2 + y2 + z2 = 1. The derivative of the inverse map,
Dg−1, maps vector fields on the plane to vector fields on
the sphere. In particular, a vector field V = (V1,V2) on R2 is
mapped to a vector field U on S2 by

U (p) = Dg−1|g(p)V (g(p)),

where p is a point on S2. In coordinates this becomes⎛
⎝U1

U2

U3

⎞
⎠ =

⎛
⎝−x2 + 1 − z −xy

−xy −y2 + 1 − z
x(1 − z) y(1 − z)

⎞
⎠(

V1
(

x
1−z ,

y
1−z

)
V2

(
x

1−z ,
y

1−z

))

Away from the north pole, defined by z = 1, the singularities
of U can be mapped to singularities of V and vice versa, using
the mappings g and g−1. To understand the behavior of the
vector field at the north pole, it is convenient to use spherical
polar coordinates (θ, φ)

x = cos φ sin θ, y = sin φ sin θ, z = cos θ,

X = sin θ

1 − cos θ
cos φ, Y = sin θ

1 − cos θ
sin φ.

On S2, the angles (θ, φ) are the latitude and longitude coordi-
nates, respectively, and φ is also the polar angle on the plane
R2. The north pole corresponds to θ → 0. The expression for
U is now ⎛

⎝U1

U2

U3

⎞
⎠ = Dg−1|g(p)

(
V1

V2

)

with

Dg−1|g(p) =

(1 − cos θ )

⎛
⎜⎝sin2 φ − cos2 φ cos θ − 1 sin 2φ sin2 θ

2(1−cos θ )

− 1 sin 2φ sin2 θ

2(1−cos θ ) cos2 φ − sin2 φ cos θ

cos φ sin θ sin φ sin θ

⎞
⎟⎠.

Suppose that the vector field V (X,Y ) asymptotically behaves
like a power of X − iY . Setting V1 + iV2 = (X − iY )d and
focusing on the θ → 0 limit gives

V1 = sind θ

(1 − cos θ )d
cos dφ = 2dθ−d cos dφ + O(θ−d+1),

V2 = − sind θ

(1 − cos θ )d
sin dφ = −2dθ−d sin dφ + O(θ−d+1).

To leading order in θ , the vector field U is⎛
⎝U1

U2

U3

⎞
⎠ = 1

2

⎛
⎝−θ2 cos 2φ −θ2 sin 2φ

−θ2 sin 2φ θ2 cos 2φ

θ3 cos φ θ3 sin φ

⎞
⎠(

2dθ−d cos dφ

−2dθ−d sin dφ

)

= 2d−1θ2−d (1 + O(θ ))

⎛
⎝− cos [(d + 2)φ]

− sin [(d + 2)φ]
θ cos [(d − 1)φ]

⎞
⎠
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FIG. 11. Visualization of the 3-qubit quantum Fourier transform on |000〉, |001〉, |010〉, |011〉, using the defect position representation.
Qubit states are mapped to complex functions with poles (white diamonds) and zeros (filled circles) (columns 1 and 2). These can in turn be
mapped to the sphere (columns 3 and 4), where poles and zeros are denoted by white and black circles respectively. The vector fields for the
computational basis states (columns 1 and 3) have poles and zeros at the points −1, i, +1. The quantum Fourier transform maps computational
basis states to separable states (columns 2 and 4). In the plane, separable states are characterized by equiangular defect halos centered at the
locations of the basis defects (column 2; red, green, and blue circles). Scale bar: length 1.

In particular, the θ dependence of U as θ → 0 is

U1 ∼ θ2−d , U2 ∼ θ2−d , U3 ∼ θ3−d .

There are therefore three possibilities for the behavior of U at
the north pole. For d < 2, we have |U | → 0, and for d > 2,
we have |U | → ∞. When d = 2, however, U can be bounded
but discontinuous at the north pole.

The 3-qubit states shown in Figs. 11 and 12 are linear
combinations of planar vector fields V given by

V1 − iV2 = hσ (X + iY )3 = hσ (Z )3

= [(Z + 1)2σ1−1(Z − i)2σ2−1(Z − 1)2σ3−1]3

∼ Z6(σ1+σ2+σ3 )−9,
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FIG. 12. Visualization of the 3-qubit quantum Fourier transform on |100〉, |101〉, |110〉, |111〉, using the defect position representation.
Qubit states are mapped to complex functions with poles (white diamonds) and zeros (filled circles) (columns 1 and 2). These can in turn be
mapped to the sphere (columns 3 and 4), where poles and zeros are denoted by white and black circles respectively. The vector fields for the
computational basis states (columns 1 and 3) have poles and zeros at the points −1, i, +1. The quantum Fourier transform maps computational
basis states to separable states (columns 2 and 4). In the plane, separable states are characterized by equiangular defect halos centered at the
locations of the basis defects (column 2; red, green, and blue circles). Scale bar: length 1.

where Z = X + iY . The exponent 6(σ1 + σ2 + σ3) − 9 is less
than 2 when at most one of the σi’s is equal to 1. There-
fore, the S2 vector fields corresponding to the basis states
{|000〉, |001〉, |010〉, |100〉} have zeros at the north pole. For
the remaining four basis states, {|111〉, |110〉, |101〉, |011〉},
the S2 vector fields have magnitude |U | → ∞ at the

north pole. The quantum Fourier transform of a com-
putational basis state, |σ1σ2σ3〉, produces a state which
has nonzero overlap with every basis state. As a re-
sult, the S2 vector fields for the states QFT |σ1σ2σ3〉 all
have magnitude |U | → ∞ at the north pole (Figs. 11
and 12).
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