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As a kid in elementary school, I was taught that there
were three states of matter: solid, liquid, and gas. The
ancients thought that there were four: earth, water, air,
and fire, which was considered sheer superstition. In ju-
nior high, I remember reading a book called The Seven
States of Matter. At least one was “plasma”, which made
up stars and thus most of the universe,[4] and which
sounded rather like fire to me.

FIG. 1: Quasicrystals. Much of these two lectures will dis-
cuss the properties of crystals. Crystals are surely the oldest
known of the broken–symmetry phases of matter, and remain
the most beautiful illustrations. It’s amazing that in the past
few years, we’ve uncovered an entirely new class of crystals.
Shown here is a photograph of a quasicrystalline metallic al-
loy, with icosahedral symmetry. Notice that the facets are
pentagonal: our old notions of crystals had to be completely
revised to include this type of symmetry.

The original three, by now, have become multitudes.

In important and precise ways, magnets are a distinct
form of matter. Metals are different from insulators. Su-
perconductors and superfluids are striking new states of
matter. The liquid crystal in your wristwatch is one
of a huge family of different liquid crystalline states of
matter[2] (nematic, cholesteric, blue phase I, II, and blue
fog, smectic A, B, C, C∗, D, I, ...). There are over 200
qualitatively different types of crystals, not to mention
the quasicrystals (figure 1). There are disordered states
of matter like spin glasses, and states like the fractional
quantum hall effect with excitations of charge e/3 like
quarks. Particle physicists tell us that the vacuum we
live within has in the past been in quite different states:
in the last vacuum but one, there were four different kinds
of light[3] (mediated by what is now the photon, the W+,
the W−, and the Z particle). We’ll discuss this more in
lecture two.

When there were only three states of matter, we could
learn about each one and then turn back to learning long
division. Now that there are multitudes, though, we’ve
had to develop a system. Our system is constantly be-
ing extended and modified, because we keep finding new
phases which don’t fit into the old frameworks. It’s amaz-
ing how the 500th new state of matter somehow screws
up a system which worked fine for the first 499. Qua-
sicrystals, the fractional quantum hall effect, and spin
glasses all really stretched our minds until (1) we under-
stood why they behaved the way they did, and (2) we
understood how they fit into the general framework.

In this lecture, I’m going to tell you the system. In the
next three lectures, I’ll discuss some gaps in the system:
materials and types of behavior which don’t fit into the
neat framework presented here. I’ll try to maximize the
number of pictures and minimize the number of formu-
las, but (particularly in lecture III) there are problems
and ideas that I don’t understand well enough to explain
simply. Most of what I tell you in this lecture is both true
and important. Much of what is contained in the next

dunkel@mit.edu

mailto:dunkel@mit.edu


Topological defects 
are discontinuities in  

order-parameter fields

• optical effects 

• work hardening, etc

"umbilic defects" in a nematic liquid crystal
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order  =  symmetry = invariance 

(under certain group actions )

symmetry groups can be discrete,  
continuous, Lie-groups, ….
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three lectures represents my own pet ideas and theories,
and you should be warned not to take my messages there
as gospel.

The system consists of four basic steps.[1] First, you
must identify the broken symmetry. Second, you must
define an order parameter. Third, you are told to ex-
amine the elementary excitations. Fourth, you classify
the topological defects. Most of what I say I take from
Mermin[1], Coleman[3], and deGennes[2], and I heartily
recommend these excellent articles to my audience. We
take each step in turn.

I. IDENTIFY THE BROKEN SYMMETRY

What is it which distinguishes the hundreds of differ-
ent states of matter? Why do we say that water and
olive oil are in the same state (the liquid phase), while
we say aluminum and (magnetized) iron are in different
states? Through long experience, we’ve discovered that
most phases differ in their symmetry.[5]

FIG. 2: Which is more symmetric? The cube has many
symmetries. It can be rotated by 90◦, 180◦, or 270◦ about any
of the three axes passing through the faces. It can be rotated
by 120◦ or 240◦ about the corners, and by 180◦ about an axis
passing from the center through any of the 12 edges. The
sphere, though, can be rotated by any angle. The sphere
respects rotational invariance: all directions are equal. The
cube is an object which breaks rotational symmetry: once the
cube is there, some directions are more equal than others.

Consider figure 2, showing a cube and a sphere. Which
is more symmetric? Clearly, the sphere has many more
symmetries than the cube. One can rotate the cube by
90◦ in various directions and not change its appearance,
but one can rotate the sphere by any angle and keep it
unchanged.

In figure 3, we see a 2-D schematic representation of ice
and water. Which state is more symmetric here? Naively,
the ice looks much more symmetric: regular arrange-
ments of atoms forming a lattice structure. The water
looks irregular and disorganized. On the other hand, if
one rotated figure 3B by an arbitrary angle, it would still
look like water! Ice has broken rotational symmetry: one

FIG. 3: Which is more symmetric? At first glance, wa-
ter seems to have much less symmetry than ice. The picture
of “two–dimensional” ice clearly breaks the rotational invari-
ance: it can be rotated only by 120◦ or 240◦. It also breaks
the translational invariance: the crystal can only be shifted
by certain special distances (whole number of lattice units).
The picture of water has no symmetry at all: the atoms are
jumbled together with no long–range pattern at all. Water,
though, isn’t a snapshot: it would be better to think of it as a
combination of all possible snapshots! Water has a complete
rotational and translational symmetry: the pictures will look
the same if the container is tipped or shoved.

can rotate figure 3A only by multiples of 60◦. It also has
a broken translational symmetry: it’s easy to tell if the
picture is shifted sideways, unless one shifts by a whole
number of lattice units. While the snapshot of the water
shown in the figure has no symmetries, water as a phase
has complete rotational and translational symmetry.

One of the standard tricks to see if two materials dif-
fer by a symmetry is to try to change one into the other
smoothly. Oil and water won’t mix, but I think oil and
alcohol do, and alcohol and water certainly do. By slowly
adding more alcohol to oil, and then more water to the
alcohol, one can smoothly interpolate between the two
phases. If they had different symmetries, there must
be a first point when mixing them when the symmetry
changes, and it is usually easy to tell when that phase
transition happens.

II. DEFINE THE ORDER PARAMETER

Particle physics and condensed–matter physics have
quite different philosophies. Particle physicists are con-
stantly looking for the building blocks. Once pions and
protons were discovered to be made of quarks, they be-
came demoted into engineering problems. Now that
quarks and electrons and photons are made of strings,
and strings are hard to study (at least experimentally),
there is great anguish in the high–energy community.
Condensed–matter physicists, on the other hand, try to
understand why messy combinations of zillions of elec-
trons and nuclei do such interesting simple things. To
them, the fundamental question is not discovering the

More or less symmetric ?
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three lectures represents my own pet ideas and theories,
and you should be warned not to take my messages there
as gospel.

The system consists of four basic steps.[1] First, you
must identify the broken symmetry. Second, you must
define an order parameter. Third, you are told to ex-
amine the elementary excitations. Fourth, you classify
the topological defects. Most of what I say I take from
Mermin[1], Coleman[3], and deGennes[2], and I heartily
recommend these excellent articles to my audience. We
take each step in turn.

I. IDENTIFY THE BROKEN SYMMETRY

What is it which distinguishes the hundreds of differ-
ent states of matter? Why do we say that water and
olive oil are in the same state (the liquid phase), while
we say aluminum and (magnetized) iron are in different
states? Through long experience, we’ve discovered that
most phases differ in their symmetry.[5]

FIG. 2: Which is more symmetric? The cube has many
symmetries. It can be rotated by 90◦, 180◦, or 270◦ about any
of the three axes passing through the faces. It can be rotated
by 120◦ or 240◦ about the corners, and by 180◦ about an axis
passing from the center through any of the 12 edges. The
sphere, though, can be rotated by any angle. The sphere
respects rotational invariance: all directions are equal. The
cube is an object which breaks rotational symmetry: once the
cube is there, some directions are more equal than others.

Consider figure 2, showing a cube and a sphere. Which
is more symmetric? Clearly, the sphere has many more
symmetries than the cube. One can rotate the cube by
90◦ in various directions and not change its appearance,
but one can rotate the sphere by any angle and keep it
unchanged.

In figure 3, we see a 2-D schematic representation of ice
and water. Which state is more symmetric here? Naively,
the ice looks much more symmetric: regular arrange-
ments of atoms forming a lattice structure. The water
looks irregular and disorganized. On the other hand, if
one rotated figure 3B by an arbitrary angle, it would still
look like water! Ice has broken rotational symmetry: one

FIG. 3: Which is more symmetric? At first glance, wa-
ter seems to have much less symmetry than ice. The picture
of “two–dimensional” ice clearly breaks the rotational invari-
ance: it can be rotated only by 120◦ or 240◦. It also breaks
the translational invariance: the crystal can only be shifted
by certain special distances (whole number of lattice units).
The picture of water has no symmetry at all: the atoms are
jumbled together with no long–range pattern at all. Water,
though, isn’t a snapshot: it would be better to think of it as a
combination of all possible snapshots! Water has a complete
rotational and translational symmetry: the pictures will look
the same if the container is tipped or shoved.

can rotate figure 3A only by multiples of 60◦. It also has
a broken translational symmetry: it’s easy to tell if the
picture is shifted sideways, unless one shifts by a whole
number of lattice units. While the snapshot of the water
shown in the figure has no symmetries, water as a phase
has complete rotational and translational symmetry.

One of the standard tricks to see if two materials dif-
fer by a symmetry is to try to change one into the other
smoothly. Oil and water won’t mix, but I think oil and
alcohol do, and alcohol and water certainly do. By slowly
adding more alcohol to oil, and then more water to the
alcohol, one can smoothly interpolate between the two
phases. If they had different symmetries, there must
be a first point when mixing them when the symmetry
changes, and it is usually easy to tell when that phase
transition happens.

II. DEFINE THE ORDER PARAMETER

Particle physics and condensed–matter physics have
quite different philosophies. Particle physicists are con-
stantly looking for the building blocks. Once pions and
protons were discovered to be made of quarks, they be-
came demoted into engineering problems. Now that
quarks and electrons and photons are made of strings,
and strings are hard to study (at least experimentally),
there is great anguish in the high–energy community.
Condensed–matter physicists, on the other hand, try to
understand why messy combinations of zillions of elec-
trons and nuclei do such interesting simple things. To
them, the fundamental question is not discovering the

broken continuous  
translation/rotation  

symmetry (invariance)
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a headless vector n⃗ ≡ −n⃗. The order parameter space
is a hemisphere, with opposing points along the equator
identified (figure 5). This space is called RP2 by the
mathematicians (the projective plane), for obscure rea-
sons.

FIG. 6: Two dimensional crystal. A crystal consists atoms
arranged in regular, repeating rows and columns. At high
temperatures, or when the crystal is deformed or defective,
the atoms will be displaced from their lattice positions. The
displacements u⃗ are shown. Even better, one can think of
u(x) as the local translation needed to bring the ideal lattice
into registry with atoms in the local neighborhood of x.
Also shown is the ambiguity in the definition of u. Which
“ideal” atom should we identify with a given “real” one? This
ambiguity makes the order parameter u equivalent to u +
max̂ + naŷ. Instead of a vector in two dimensional space,
the order parameter space is a square with periodic boundary
conditions.

For a crystal, the important degrees of freedom are as-
sociated with the broken translational order. Consider
a two-dimensional crystal which has lowest energy when
in a square lattice, but which is deformed away from
that configuration (figure 6). This deformation is de-
scribed by an arrow connecting the undeformed ideal lat-
tice points with the actual positions of the atoms. If we
are a bit more careful, we say that u⃗(x) is that displace-
ment needed to align the ideal lattice in the local region
onto the real one. By saying it this way, u⃗ is also de-
fined between the lattice positions: there still is a best
displacement which locally lines up the two lattices.

The order parameter u⃗ isn’t really a vector: there is a
subtlety. In general, which ideal atom you associate with
a given real one is ambiguous. As shown in figure 6, the
displacement vector u⃗ changes by a multiple of the lattice
constant a when we choose a different reference atom:

u⃗ ≡ u⃗ + ax̂ = u⃗ + max̂ + naŷ. (1)

The set of distinct order parameters forms a square
with periodic boundary conditions. As figure 7 shows, a

FIG. 7: Order parameter space for a two-dimensional
crystal. Here we see that a square with periodic boundary
conditions is a torus. (A torus is a surface of a doughnut,
inner tube, or bagel, depending on your background.)

square with periodic boundary conditions has the same
topology as a torus, T2. (The torus is the surface of a
doughnut, bagel, or inner tube.)

Finally, let’s mention that guessing the order param-
eter (or the broken symmetry) isn’t always so straight-
forward. For example, it took many years before anyone
figured out that the order parameter for superconduc-
tors and superfluid Helium 4 is a complex number ψ.
The order parameter field ψ(x) represents the “conden-
sate wave function”, which (extremely loosely) is a single
quantum state occupied by a large fraction of the Cooper
pairs or helium atoms in the material. The correspond-
ing broken symmetry is closely related to the number of
particles. In “symmetric”, normal liquid helium, the lo-
cal number of atoms is conserved: in superfluid helium,
the local number of atoms becomes indeterminate! (This
is because many of the atoms are condensed into that de-
localized wave function.) Anyhow, the magnitude of the
complex number ψ is a fixed function of temperature, so
the order parameter space is the set of complex numbers
of magnitude |ψ|. Thus the order parameter space for
superconductors and superfluids is a circle S1.

Now we examine small deformations away from a uni-
form order parameter field.

III. EXAMINE THE ELEMENTARY
EXCITATIONS

Its amazing how slow human beings are. The atoms
inside your eyelash collide with one another a million
million times during each time you blink your eye. It’s

4

a headless vector n⃗ ≡ −n⃗. The order parameter space
is a hemisphere, with opposing points along the equator
identified (figure 5). This space is called RP2 by the
mathematicians (the projective plane), for obscure rea-
sons.

FIG. 6: Two dimensional crystal. A crystal consists atoms
arranged in regular, repeating rows and columns. At high
temperatures, or when the crystal is deformed or defective,
the atoms will be displaced from their lattice positions. The
displacements u⃗ are shown. Even better, one can think of
u(x) as the local translation needed to bring the ideal lattice
into registry with atoms in the local neighborhood of x.
Also shown is the ambiguity in the definition of u. Which
“ideal” atom should we identify with a given “real” one? This
ambiguity makes the order parameter u equivalent to u +
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not surprising, then, that we spend most of our time in
condensed–matter physics studying those things in mate-
rials that happen slowly. Typically only vast conspiracies
of immense numbers of atoms can produce the slow be-
havior that humans can perceive.

FIG. 8: One dimensional crystal: phonons. The order
parameter field for a one–dimensional crystal is the local dis-
placement u(x). Long–wavelength waves in u(x) have low
frequencies, and cause sound.
Crystals are rigid because of the broken translational symme-
try. Because they are rigid, they fight displacements. Because
there is an underlying translational symmetry, a uniform dis-
placement costs no energy. A nearly uniform displacement,
thus, will cost little energy, and thus will have a low fre-
quency. These low–frequency elementary excitations are the
sound waves in crystals.

A good example is given by sound waves. We won’t
talk about sound waves in air: air doesn’t have any bro-
ken symmetries, so it doesn’t belong in this lecture.[9]
Consider instead sound in the one-dimensional crystal
shown in figure 8. We describe the material with an or-
der parameter field u(x), where here x is the position
within the material and x − u(x) is the position of the
reference atom within the ideal crystal.

Now, there must be an energy cost for deforming the
ideal crystal. There won’t be any cost, though, for a
uniform translation: u(x) ≡ u0 has the same energy as
the ideal crystal. (Shoving all the atoms to the right
doesn’t cost any energy.) So, the energy will depend only
on derivatives of the function u(x). The simplest energy
that one can write looks like

E =
∫

dx (κ/2)(du/dx)2. (2)

(Higher derivatives won’t be important for the low fre-
quencies that humans can hear.) Now, you may remem-
ber Newton’s law F = ma. The force here is given by the
derivative of the energy F = −(dE/du). The mass is rep-
resented by the density of the material ρ. Working out
the math (a variational derivative and an integration by
parts, for those who are interested) gives us the equation

ρü = κ(d2u/dx2). (3)

The solutions to this equation

u(x, t) = u0 cos(2π(x/λ − νλt)) (4)

represent phonons or sound waves. The wavelength of
the sound waves is λ, and the frequency is νλ. Plugging
4 into 3 gives us the relation

νλ =
√
κ/ρ/λ. (5)

The frequency gets small only when the wavelength
gets large. This is the vast conspiracy: only huge slosh-
ings of many atoms can happen slowly. Why does the
frequency get small? Well, there is no cost to a uni-
form translation, which is what 4 looks like for infinite
wavelength. Why is there no energy cost for a uniform
displacement? Well, there is a translational symmetry:
moving all the atoms the same amount doesn’t change
their interactions. But haven’t we broken that symme-
try? That is precisely the point.

FIG. 9: (a) Magnets: spin waves. Magnets break the
rotational invariance of space. Because they resist twisting
the magnetization locally, but don’t resist a uniform twist,
they have low energy spin wave excitations.
(b) Nematic liquid crystals: rotational waves. Nematic
liquid crystals also have low–frequency rotational waves.

Long after phonons were understood, Jeremy Gold-
stone started to think about broken symmetries and
order parameters in the abstract. He found a rather
general argument that, whenever a continuous sym-
metry (rotations, translations, SU(3), ...) is broken,
long–wavelength modulations in the symmetry direction
should have low frequencies. The fact that the lowest en-
ergy state has a broken symmetry means that the system
is stiff: modulating the order parameter will cost an en-
ergy rather like that in equation 2. In crystals, the broken
translational order introduces a rigidity to shear deforma-
tions, and low frequency phonons (figure 8). In magnets,
the broken rotational symmetry leads to a magnetic stiff-
ness and spin waves (figure 9a). In nematic liquid crys-
tals, the broken rotational symmetry introduces an ori-
entational elastic stiffness (it pours, but resists bending!)
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underlying quantum mechanical laws, but in understand-
ing and explaining the new laws that emerge when many
particles interact.

As one might guess, we don’t keep track of all the elec-
trons and protons.[6] We’re always looking for the im-
portant variables, the important degrees of freedom. In
a crystal, the important variables are the motions of the
atoms away from their lattice positions. In a magnet,
the important variable is the local direction of the mag-
netization (an arrow pointing to the “north” end of the
local magnet). The local magnetization comes from com-
plicated interactions between the electrons, and is partly
due to the little magnets attached to each electron and
partly due to the way the electrons dance around in the
material: these details are for many purposes unimpor-
tant.

FIG. 4: Magnet. We take the magnetization M⃗ as the or-
der parameter for a magnet. For a given material at a given
temperature, the amount of magnetization |M⃗ | = M0 will be
pretty well fixed, but the energy is often pretty much indepen-
dent of the direction M̂ = M⃗/M0 of the magnetization. (You
can think of this as a arrow pointing to the north end of each
atomic magnet.) Often, the magnetization changes directions
smoothly in different parts of the material. (That’s why not
all pieces of iron are magnetic!) We describe the current state

of the material by an order parameter field M⃗(x).
The order parameter field is usually thought of as an arrow
at each point in space. It can also be thought of as a function
taking points in space x into points on the sphere |M⃗ | = M0.
This sphere S2 is the order parameter space for the magnet.

The important variables are combined into an “order
parameter field”.[7] In figure 4, we see the order parame-
ter field for a magnet.[8] At each position x = (x, y, z) we
have a direction for the local magnetization M⃗(x). The
length of M⃗ is pretty much fixed by the material, but
the direction of the magnetization is undetermined. By
becoming a magnet, this material has broken the rota-
tional symmetry. The order parameter M⃗ labels which
of the various broken symmetry directions the material
has chosen.

The order parameter is a field: at each point in our
magnet, M⃗(x) tells the local direction of the field near

x. Why do we do this? Why would the magnetization
point in different directions in different parts of the mag-
net? Usually, the material has lowest energy when the
order parameter field is uniform, when the symmetry is
broken in the same way throughout space. In practise,
though, the material often doesn’t break symmetry uni-
formly. Most pieces of iron don’t appear magnetic, sim-
ply because the local magnetization points in different
directions at different places. The magnetization is al-
ready there at the atomic level: to make a magnet, you
pound the different domains until they line up. We’ll see
in this lecture that most of the interesting behavior we
can study involves the way the order parameter varies in
space.

The order parameter field M⃗(x) can be usefully visu-
alized in two different ways. On the one hand, one can
think of a little vector attached to each point in space.
On the other hand, we can think of it as a mapping from
real space into order parameter space. That is, M⃗ is a
function which takes different points in the magnet onto
the surface of a sphere (figure 4). Mathematicians call the
sphere S2, because it locally has two dimensions. (They
don’t care what dimension the sphere is embedded in.)

FIG. 5: Nematic liquid crystal. Nematic liquid crystals are
made up of long, thin molecules that prefer to align with one
another. (Liquid crystal watches are made of nematics.) Since
they don’t care much which end is up, their order parameter
isn’t precisely the vector n̂ along the axis of the molecules.
Rather, it is a unit vector up to the equivalence n̂ ≡ −n̂.
The order parameter space is a half-sphere, with antipodal
points on the equator identified. Thus, for example, the path
shown over the top of the hemisphere is a closed loop: the
two intersections with the equator correspond to the same
orientations of the nematic molecules in space.

Before varying our order parameter in space, let’s de-
velop a few more examples. The liquid crystal in LCD
displays (like those in digital watches) are nematics. Ne-
matics are made of long, thin molecules which tend to
line up so that their long axes are parallel. Nematic liq-
uid crystals, like magnets, break the rotational symme-
try. Unlike magnets, though, the main interaction isn’t
to line up the north poles, but to line up the axes. (Think
of the molecules as American footballs: the same up and
down.) Thus the order parameter isn’t a vector M⃗ but
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and rotational waves (figure 9b).

In superfluids, the broken gauge symmetry leads to a
stiffness which results in the superfluidity. Superfluidity
and superconductivity really aren’t any more amazing
than the rigidity of solids. Isn’t it amazing that chairs
are rigid? Push on a few atoms on one side, and 109

atoms away atoms will move in lock–step. In the same
way, decreasing the flow in a superfluid must involve a
cooperative change in a macroscopic number of atoms,
and thus never happens spontaneously any more than
two parts of the chair ever drift apart.

The low–frequency Goldstone modes in superfluids are
heat waves! (Don’t be jealous: liquid helium has rather
cold heat waves.) This is often called second sound, but
is really a periodic modulation of the temperature which
passes through the material like sound does through a
metal.

O.K., now we’re getting the idea. Just to round things
out, what about superconductors? They’ve got a broken
gauge symmetry, and have a stiffness to decays in the
superconducting current. What is the low energy excita-
tion? It doesn’t have one. But what about Goldstone’s
theorem? Well, you know about physicists and theorems
. . .

That’s actually quite unfair: Goldstone surely had con-
ditions on his theorem which excluded superconductors.
Actually, I believe Goldstone was studying superconduc-
tors when he came up with his theorem. It’s just that
everybody forgot the extra conditions, and just remem-
bered that you always got a low frequency mode when
you broke a continuous symmetry. We of course under-
stood all along why there isn’t a Goldstone mode for
superconductors: it’s related to the Meissner effect. The
high energy physicists forgot, though, and had to redis-
cover it for themselves. Now we all call the loophole in
Goldstone’s theorem the Higgs mechanism, because (to
be truthful) Higgs and his high–energy friends found a
much simpler and more elegant explanation than we had.
We’ll discuss Meissner effects and the Higgs mechanism
in the next lecture.

I’d like to end this section, though, by bringing up
another exception to Goldstone’s theorem: one we’ve
known about even longer, but which we don’t have a
nice explanation for. What about the orientational order
in crystals? Crystals break both the continuous transla-
tional order and the continuous orientational order. The
phonons are the Goldstone modes for the translations,
but there are no orientational Goldstone modes.[10] We’ll
discuss this further in the next lecture, but I think this
is one of the most interesting unsolved basic questions in
the subject.

FIG. 10: Dislocation in a crystal. Here is a topological
defect in a crystal. We can see that one of the rows of atoms on
the right disappears halfway through our sample. The place
where it disappears is a defect, because it doesn’t locally look
like a piece of the perfect crystal. It is a topological defect
because it can’t be fixed by any local rearrangement. No
reshuffling of atoms in the middle of the sample can change
the fact that five rows enter from the right, and only four
leave from the left!
The Burger’s vector of a dislocation is the net number of extra
rows and columns, combined into a vector (columns, rows).

IV. CLASSIFY THE TOPOLOGICAL DEFECTS

When I was in graduate school, the big fashion was
topological defects. Everybody was studying homotopy
groups, and finding exotic systems to write papers about.
It was, in the end, a reasonable thing to do.[11] It is true
that in a typical application you’ll be able to figure out
what the defects are without homotopy theory. You’ll
spend forever drawing pictures to convince anyone else,
though. Most important, homotopy theory helps you to
think about defects.

A defect is a tear in the order parameter field. A topo-
logical defect is a tear that can’t be patched. Consider
the piece of 2-D crystal shown in figure 10. Starting in
the middle of the region shown, there is an extra row of
atoms. (This is called a dislocation.) Away from the mid-
dle, the crystal locally looks fine: it’s a little distorted,
but there is no problem seeing the square grid and defin-
ing an order parameter. Can we rearrange the atoms in a
small region around the start of the extra row, and patch
the defect?

No. The problem is that we can tell there is an ex-
tra row without ever coming near to the center. The
traditional way of doing this is to traverse a large loop
surrounding the defect, and count the net number of rows
crossed on the path. In the path shown, there are two
rows going up and three going down: no matter how far
we stay from the center, there will naturally always be
an extra row on the right.

How can we generalize this basic idea to a general prob-
lem with a broken symmetry? Remember that the order
parameter space for the 2-D square crystal is a torus (see
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cooperative change in a macroscopic number of atoms,
and thus never happens spontaneously any more than
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The low–frequency Goldstone modes in superfluids are
heat waves! (Don’t be jealous: liquid helium has rather
cold heat waves.) This is often called second sound, but
is really a periodic modulation of the temperature which
passes through the material like sound does through a
metal.

O.K., now we’re getting the idea. Just to round things
out, what about superconductors? They’ve got a broken
gauge symmetry, and have a stiffness to decays in the
superconducting current. What is the low energy excita-
tion? It doesn’t have one. But what about Goldstone’s
theorem? Well, you know about physicists and theorems
. . .

That’s actually quite unfair: Goldstone surely had con-
ditions on his theorem which excluded superconductors.
Actually, I believe Goldstone was studying superconduc-
tors when he came up with his theorem. It’s just that
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stood all along why there isn’t a Goldstone mode for
superconductors: it’s related to the Meissner effect. The
high energy physicists forgot, though, and had to redis-
cover it for themselves. Now we all call the loophole in
Goldstone’s theorem the Higgs mechanism, because (to
be truthful) Higgs and his high–energy friends found a
much simpler and more elegant explanation than we had.
We’ll discuss Meissner effects and the Higgs mechanism
in the next lecture.

I’d like to end this section, though, by bringing up
another exception to Goldstone’s theorem: one we’ve
known about even longer, but which we don’t have a
nice explanation for. What about the orientational order
in crystals? Crystals break both the continuous transla-
tional order and the continuous orientational order. The
phonons are the Goldstone modes for the translations,
but there are no orientational Goldstone modes.[10] We’ll
discuss this further in the next lecture, but I think this
is one of the most interesting unsolved basic questions in
the subject.

FIG. 10: Dislocation in a crystal. Here is a topological
defect in a crystal. We can see that one of the rows of atoms on
the right disappears halfway through our sample. The place
where it disappears is a defect, because it doesn’t locally look
like a piece of the perfect crystal. It is a topological defect
because it can’t be fixed by any local rearrangement. No
reshuffling of atoms in the middle of the sample can change
the fact that five rows enter from the right, and only four
leave from the left!
The Burger’s vector of a dislocation is the net number of extra
rows and columns, combined into a vector (columns, rows).

IV. CLASSIFY THE TOPOLOGICAL DEFECTS

When I was in graduate school, the big fashion was
topological defects. Everybody was studying homotopy
groups, and finding exotic systems to write papers about.
It was, in the end, a reasonable thing to do.[11] It is true
that in a typical application you’ll be able to figure out
what the defects are without homotopy theory. You’ll
spend forever drawing pictures to convince anyone else,
though. Most important, homotopy theory helps you to
think about defects.

A defect is a tear in the order parameter field. A topo-
logical defect is a tear that can’t be patched. Consider
the piece of 2-D crystal shown in figure 10. Starting in
the middle of the region shown, there is an extra row of
atoms. (This is called a dislocation.) Away from the mid-
dle, the crystal locally looks fine: it’s a little distorted,
but there is no problem seeing the square grid and defin-
ing an order parameter. Can we rearrange the atoms in a
small region around the start of the extra row, and patch
the defect?

No. The problem is that we can tell there is an ex-
tra row without ever coming near to the center. The
traditional way of doing this is to traverse a large loop
surrounding the defect, and count the net number of rows
crossed on the path. In the path shown, there are two
rows going up and three going down: no matter how far
we stay from the center, there will naturally always be
an extra row on the right.

How can we generalize this basic idea to a general prob-
lem with a broken symmetry? Remember that the order
parameter space for the 2-D square crystal is a torus (see
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and rotational waves (figure 9b).

In superfluids, the broken gauge symmetry leads to a
stiffness which results in the superfluidity. Superfluidity
and superconductivity really aren’t any more amazing
than the rigidity of solids. Isn’t it amazing that chairs
are rigid? Push on a few atoms on one side, and 109

atoms away atoms will move in lock–step. In the same
way, decreasing the flow in a superfluid must involve a
cooperative change in a macroscopic number of atoms,
and thus never happens spontaneously any more than
two parts of the chair ever drift apart.

The low–frequency Goldstone modes in superfluids are
heat waves! (Don’t be jealous: liquid helium has rather
cold heat waves.) This is often called second sound, but
is really a periodic modulation of the temperature which
passes through the material like sound does through a
metal.

O.K., now we’re getting the idea. Just to round things
out, what about superconductors? They’ve got a broken
gauge symmetry, and have a stiffness to decays in the
superconducting current. What is the low energy excita-
tion? It doesn’t have one. But what about Goldstone’s
theorem? Well, you know about physicists and theorems
. . .

That’s actually quite unfair: Goldstone surely had con-
ditions on his theorem which excluded superconductors.
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you broke a continuous symmetry. We of course under-
stood all along why there isn’t a Goldstone mode for
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much simpler and more elegant explanation than we had.
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phonons are the Goldstone modes for the translations,
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crossed on the path. In the path shown, there are two
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atoms. (This is called a dislocation.) Away from the mid-
dle, the crystal locally looks fine: it’s a little distorted,
but there is no problem seeing the square grid and defin-
ing an order parameter. Can we rearrange the atoms in a
small region around the start of the extra row, and patch
the defect?

No. The problem is that we can tell there is an ex-
tra row without ever coming near to the center. The
traditional way of doing this is to traverse a large loop
surrounding the defect, and count the net number of rows
crossed on the path. In the path shown, there are two
rows going up and three going down: no matter how far
we stay from the center, there will naturally always be
an extra row on the right.

How can we generalize this basic idea to a general prob-
lem with a broken symmetry? Remember that the order
parameter space for the 2-D square crystal is a torus (see
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FIG. 11: Loop around the dislocation mapped onto or-
der parameter space. How do we think about our defect in
terms of order parameters and order parameter spaces? Con-
sider a closed loop around the defect. The order parameter
field u changes as we move around the loop. The positions of
the atoms around the loop with respect to their local “ideal”
lattice drifts upward continuously as we traverse the loop.
This precisely corresponds to a loop around the order pa-
rameter space: the loop passes once through the hole in the
torus. A loop around the hole corresponds to an extra column
of atoms.
Moving the atoms slightly will deform the loop, but won’t
change the number of times the loop winds through or around
the hole. Two loops which traverse the torus the same number
of times through and around are equivalent. The equivalence
classes are labelled precisely by pairs of integers (just like the
Burger’s vectors), and the first homotopy group of the torus
is Z ×Z.

figure 7). Remember that the order parameter at a point
is that translation which aligns a perfect square grid to
the deformed grid at that point. Now, what is the or-
der parameter far to the left of the defect (a), compared
to the value far to the right (d)? Clearly, the lattice to
the right is shifted vertically by half a lattice constant:
the order parameter has been shifted halfway around the
torus. As shown in figure 11, along the top half of a
clockwise loop the order parameter (position of the atom
within the unit cell) moves upward, and along the bottom
half, again moves upward. All in all, the order parame-
ter circles once around the torus. The winding number
around the torus is the net number of times the torus is
circumnavigated when the defect is orbited once.

This is why they are called topological defects. Topol-
ogy is the study of curves and surfaces where bending
and twisting is ignored. An order parameter field, no
matter how contorted, which doesn’t wind around the
torus can always be smoothly bent and twisted back into
a uniform state. If along any loop, though, the order pa-

rameter winds either around the hole or through it a net
number of times, then enclosed in that loop is a defect
which cannot be bent or twisted flat: the winding number
can’t change by an integer in a smooth and continuous
fashion.

How do we categorize the defects for 2-D square crys-
tals? Well, there are two integers: the number of times we
go around the central hole, and the number of times we
pass through it. In the traditional description, this corre-
sponds precisely to the number of extra rows and columns
of atoms we pass by. This was called the Burger’s vector
in the old days, and nobody needed to learn about tori to
understand it. We now call it the first Homotopy group
of the torus:

Π1(T 2) = Z × Z (6)

where Z represents the integers. That is, a defect is
labeled by two integers (m, n), where m represents the
number of extra rows of atoms on the right-hand part of
the loop, and n represents the number of extra columns
of atoms on the bottom.

Here’s where in the lecture I show the practical im-
portance of topological defects. Unfortunately for you,
I can’t enclose a soft copper tube for you to play with,
the way I do in the lecture. They’re a few cents each,
and machinists on two continents have been quite happy
to cut them up for my demonstrations, but they don’t
pack well into books. Anyhow, most metals and copper
in particular exhibits what is called work hardening. It’s
easy to bend the tube, but it’s amazingly tough to bend
it back. The soft original copper is relatively defect–free.
To bend, the crystal has to create lots of line dislocations,
which move around to produce the bending.[12] The line
defects get tangled up, and get in the way of any new
defects. So, when you try to bend the tube back, the
metal becomes much stiffer. Work hardening has had a
noticable impact on the popular culture. The magician
effortlessly bends the metal bar, and the strongman can’t
straighten it . . . Superman bends the rod into a pair of
handcuffs for the criminals . . .

Before we explain why these curves form a group, let’s
give some more examples of topological defects and how
they can be classified. Figure 12a shows a “hedgehog”
defect for a magnet. The magnetization simply points
straight out from the center in all directions. How can
we tell that there is a defect, always staying far away?
Since this is a point defect in three dimensions, we have
to surround it with a sphere. As we move around on
this sphere in ordinary space, the order parameter moves
around the order parameter space (which also happens to
be a sphere, of radius |M⃗ |). In fact, the order parameter
space is covered exactly once as we surround the defect.
This is called the wrapping number, and doesn’t change
as we wiggle the magnetization in smooth ways. The
point defects of magnets are classified by the wrapping
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Recent experiments have illuminated a remarkable growth me-
chanism of rod-shaped bacteria: proteins associated with cell wall
extension move at constant velocity in circles oriented approxi-
mately along the cell circumference [Garner EC, et al., (2011)
Science 333:222–225], [Domínguez-Escobar J, et al. (2011) Science
333:225–228], [van Teeffelen S, et al. (2011) PNAS 108:15822–
15827]. We view these as dislocations in the partially ordered
peptidoglycan structure, activated by glycan strand extension ma-
chinery, and study theoretically the dynamics of these interacting
defects on the surface of a cylinder. Generation and motion of
these interacting defects lead to surprising effects arising from the
cylindrical geometry, with important implications for growth. We
also discuss how long range elastic interactions and turgor pres-
sure affect the dynamics of the fraction of actively moving disloca-
tions in the bacterial cell wall.

biophysics ∣ cell wall growth ∣ microbiology

Bacterial cell walls are composed of peptidoglycan (also called
murein), which endows them with shape and rigidity. The

architecture and growth of cell walls have been the subject of
active research for many decades, in particular for gram-negative
bacteria whose cell walls consist of single or few layers of glycan
strands crosslinked by peptides (1–4). While some models assume
a very ordered structure, recent experimental work (5) suggests
the structure is more disordered. We view the peptidoglycan
mesh as a partially ordered two-dimensional crystal with a large
number of defects to account for the disorder in the structure.
The rod shape of many bacteria (e.g., Escherichia coli), together
with mutant variants that grow but fail to complete cell division,
make a cylindrical geometry a natural one to study. To easily add
material to this ordered structure, one must clearly break the
periodicity and create a defect in the structure. An especially
important class of defects are termed dislocations, known to be
important in determining the mechanical properties of metals
and other crystalline or polycrystalline materials, such as their
strength and plasticity (6). Dislocations are known to have long-
ranged elastic interactions, which are logarithmic in the distance
(but not isotropic, as is the case for vortices in superfluids). The
“elementary charge” of these topological defects is the Burgers
vector ~b, which is often at right angles to the direction of insertion
of the new strand of material, and is a lattice vector of the
structure. Here, we apply dislocation theory to the problem of
bacterial growth, proposing a simplified model inspired by the
elongation of bacterial cell walls, which we are able to solve both
analytically and via computer simulations. Fig. 1 illustrates an ide-
alized picture of defects in a cylindrical geometry. For simplicity,
we show a square lattice with lattice vectors parallel and perpen-
dicular to the cylinder’s long axis, although the actual peptidogly-
can mesh is rectangular [and in fact the lattice vectors might have
a nontrivial angle with respect to the cylinder’s axis (7)].

The model treated below will in fact consist of a large number
of dislocations, and so the structure we treat is far from a perfect
crystal. Working with defects of a crystal provides a convenient
and numerically efficient method to take the disorder into ac-
count. We expect that the unit cell of Fig. 1 typically contains two
glycan strands, as it is only this larger unit cell that respects the
local crystalline symmetry; see for example refs. 8, 9. Recent ex-
periments on both gram-negative (10) and gram-positive bacteria

(11, 12) track fluorescently labeled proteins such as MreB known
to correlate strongly with the addition of peptidoglycan subunits,
and have shown that these proteins move at roughly constant
velocity, approximately along the cylinder’s circumference. We
view these strand extension centers as edge dislocations in the
ordered structure, with a Burgers vector oriented along the cylin-
der’s long axis (the direction of the Burgers vector depends on
the direction of insertion of the new strand, see Fig. 1). Extending
the end of an inserted strand (i.e., the core of an edge dislocation)
involves breaking peptide bonds to allow extra sugar units into
the lattice, together with additional short peptide cross-links (1).
In dislocation theory, this type of motion is referred to as disloca-
tion climb. In the following, we treat the protein motion and the
dislocation motion synonymously, assuming that the motion of
the MreB and its associated enzymes is fully correlated with the
insertion of new material into the cell wall. This idea was intro-
duced in ref. 9, and here we develop it further and deduce various
biological insights and predictions. As pointed out by Burman
and Park (13), glycan strand extension is somewhat analogous
to the action of a DNA polymerase. Our dislocation perspective
allows us to take into account long-range elastic interactions be-
tween the “murein extension centers” of ref. 13.

Although extensive work has been done on dislocation theory
over the last century (6), this biophysics problem is quite different
from materials science and condensed matter physics in several
respects: the climb of dislocations necessarily involves the ex-
change of material, which in 3D crystals involves diffusion of
interstitials or vacancies. Hence, except at high temperatures,
dislocation glide dominates the dynamics. [Because the bacterial
cell walls are characterized by strong (peptide and glycan) bonds
(1), neither glide nor climb would be possible in this case without
the aid of the strand extension proteins at physiological tempera-
tures.] Here, dislocation climb is the central process mediating
cell wall growth, with sugars and amino acids essential for the
climb process synthesized and arriving from the interior of the
bacterium. A second, obvious, difference, regards the unusual
cylindrical geometry which we study here. This feature leads to
a number of interesting properties, such as the exponential decay
of dislocation interactions along the cylinder’s long axis, as dis-
cussed below. Dislocations in a cylindrical geometry were consid-
ered in a very different biophysics problem in ref. 14, studying
tail-sheath contraction in a bacteriophage. A final difference
from conventional materials science is that here the dislocation
climb itself alters the geometry, as it is this very motion that grows
the cell wall along the axis of the cylinder. This idea can be used to
estimate the number of actively climbing dislocations per bacter-
ium, using experimental data: The typical time of division of the
bacteria is of the order of tens of minutes, in which the bacteria
elongate by approximately 1 μm. The lattice spacing of the pep-
tidoglycan along the long axis, b, is believed to be of the order of
several nanometers (1). If we assume the area of the hemisphe-
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Recent experiments have illuminated a remarkable growth me-
chanism of rod-shaped bacteria: proteins associated with cell wall
extension move at constant velocity in circles oriented approxi-
mately along the cell circumference [Garner EC, et al., (2011)
Science 333:222–225], [Domínguez-Escobar J, et al. (2011) Science
333:225–228], [van Teeffelen S, et al. (2011) PNAS 108:15822–
15827]. We view these as dislocations in the partially ordered
peptidoglycan structure, activated by glycan strand extension ma-
chinery, and study theoretically the dynamics of these interacting
defects on the surface of a cylinder. Generation and motion of
these interacting defects lead to surprising effects arising from the
cylindrical geometry, with important implications for growth. We
also discuss how long range elastic interactions and turgor pres-
sure affect the dynamics of the fraction of actively moving disloca-
tions in the bacterial cell wall.
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Bacterial cell walls are composed of peptidoglycan (also called
murein), which endows them with shape and rigidity. The

architecture and growth of cell walls have been the subject of
active research for many decades, in particular for gram-negative
bacteria whose cell walls consist of single or few layers of glycan
strands crosslinked by peptides (1–4). While some models assume
a very ordered structure, recent experimental work (5) suggests
the structure is more disordered. We view the peptidoglycan
mesh as a partially ordered two-dimensional crystal with a large
number of defects to account for the disorder in the structure.
The rod shape of many bacteria (e.g., Escherichia coli), together
with mutant variants that grow but fail to complete cell division,
make a cylindrical geometry a natural one to study. To easily add
material to this ordered structure, one must clearly break the
periodicity and create a defect in the structure. An especially
important class of defects are termed dislocations, known to be
important in determining the mechanical properties of metals
and other crystalline or polycrystalline materials, such as their
strength and plasticity (6). Dislocations are known to have long-
ranged elastic interactions, which are logarithmic in the distance
(but not isotropic, as is the case for vortices in superfluids). The
“elementary charge” of these topological defects is the Burgers
vector ~b, which is often at right angles to the direction of insertion
of the new strand of material, and is a lattice vector of the
structure. Here, we apply dislocation theory to the problem of
bacterial growth, proposing a simplified model inspired by the
elongation of bacterial cell walls, which we are able to solve both
analytically and via computer simulations. Fig. 1 illustrates an ide-
alized picture of defects in a cylindrical geometry. For simplicity,
we show a square lattice with lattice vectors parallel and perpen-
dicular to the cylinder’s long axis, although the actual peptidogly-
can mesh is rectangular [and in fact the lattice vectors might have
a nontrivial angle with respect to the cylinder’s axis (7)].

The model treated below will in fact consist of a large number
of dislocations, and so the structure we treat is far from a perfect
crystal. Working with defects of a crystal provides a convenient
and numerically efficient method to take the disorder into ac-
count. We expect that the unit cell of Fig. 1 typically contains two
glycan strands, as it is only this larger unit cell that respects the
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(11, 12) track fluorescently labeled proteins such as MreB known
to correlate strongly with the addition of peptidoglycan subunits,
and have shown that these proteins move at roughly constant
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der’s long axis (the direction of the Burgers vector depends on
the direction of insertion of the new strand, see Fig. 1). Extending
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the lattice, together with additional short peptide cross-links (1).
In dislocation theory, this type of motion is referred to as disloca-
tion climb. In the following, we treat the protein motion and the
dislocation motion synonymously, assuming that the motion of
the MreB and its associated enzymes is fully correlated with the
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duced in ref. 9, and here we develop it further and deduce various
biological insights and predictions. As pointed out by Burman
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allows us to take into account long-range elastic interactions be-
tween the “murein extension centers” of ref. 13.

Although extensive work has been done on dislocation theory
over the last century (6), this biophysics problem is quite different
from materials science and condensed matter physics in several
respects: the climb of dislocations necessarily involves the ex-
change of material, which in 3D crystals involves diffusion of
interstitials or vacancies. Hence, except at high temperatures,
dislocation glide dominates the dynamics. [Because the bacterial
cell walls are characterized by strong (peptide and glycan) bonds
(1), neither glide nor climb would be possible in this case without
the aid of the strand extension proteins at physiological tempera-
tures.] Here, dislocation climb is the central process mediating
cell wall growth, with sugars and amino acids essential for the
climb process synthesized and arriving from the interior of the
bacterium. A second, obvious, difference, regards the unusual
cylindrical geometry which we study here. This feature leads to
a number of interesting properties, such as the exponential decay
of dislocation interactions along the cylinder’s long axis, as dis-
cussed below. Dislocations in a cylindrical geometry were consid-
ered in a very different biophysics problem in ref. 14, studying
tail-sheath contraction in a bacteriophage. A final difference
from conventional materials science is that here the dislocation
climb itself alters the geometry, as it is this very motion that grows
the cell wall along the axis of the cylinder. This idea can be used to
estimate the number of actively climbing dislocations per bacter-
ium, using experimental data: The typical time of division of the
bacteria is of the order of tens of minutes, in which the bacteria
elongate by approximately 1 μm. The lattice spacing of the pep-
tidoglycan along the long axis, b, is believed to be of the order of
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Ramaswamy, and Menon in a systems of vibrated granular
rods [7]. Such active curvature currents control dynamics
in systems with no momentum conservation but are very
small here, where the concentration variations remain
small, as seen from Figs. 1(c) and 1(d), and flow controls
the dynamics.

In contractile systems active backflow yields a net
speedup of the þ1=2 defects towards its antidefect for
the annihilation shown in Fig. 1(b). In extensile systems,
with !< 0, backflow drives the þ1=2 defect to move
towards its head, away from its "1=2 partner in the con-
figuration of Fig. 1(b), acting like an effectively repulsive
interaction. This somewhat counterintuitive effect has been
observed in experiments with extensile microtubules and
kinesin assemblies [16] and can be understood on the basis
of the hydrodynamic approach embodied in Eqs. (1). In
Fig. 2, we have reproduced from Ref. [16] a sequence of
snapshots showing a pair of #1=2 disclinations moving

apart from each other together with the same behavior
observed in our simulations.
To quantify the dynamics we have reconstructed the

trajectories of the defects by tracking the drop in the
magnitude of the order parameter. The trajectories are
shown in Figs. 3(a) and 3(b), where red lines in the upper
portion of the plots represent the trajectory of the þ1=2
disclination, while the blue lines in the lower portion of the
plot are the trajectories of the"1=2 defect. The tracks end
when the cores of the two defects merge. For small activity
and small values of the rotational friction ", the trajectories

FIG. 1 (color online). Snapshots of a disclination pair shortly
after the beginning of relaxation. (Top) Director field (black
lines) superimposed on a heat map of the nematic order parame-
ter and (bottom) flow field (arrows) superimposed on a heat map
of the concentration for an extensile system with ! ¼ "0:2 (a),
(c) and a contractile system with ! ¼ 0:2 (b), (d). In the top
images, the color denotes the magnitude of the nematic order

parameter S relative to its equilibrium value S0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" c?=c0

p
.

In the bottom images, the color denotes the magnitude of the
concentration c relative to the average value c0. Depending on
the sign of !, the backflow tends to speed up (!> 0) or slow
down (!< 0) the annihilation process by increasing or decreas-
ing the velocity of the þ1=2 disclination. For ! negative and
sufficiently large in magnitude, the þ1=2 defect reverses its
direction of motion (c) and escapes annihilation.

FIG. 2 (color online). Defect pair production in an active
suspension of microtubules and kinesin (top) and the same
phenomenon observed in our numerical simulation of an exten-
sile nematic fluid with " ¼ 100 and ! ¼ "0:5. The experimen-
tal picture is reprinted with permission from T. Sanchez et al.,
Nature (London) 491, 431 (2012). Copyright 2012, Macmillan.

0

(a) (b)

(c) (d)

FIG. 3 (color online). Defect trajectories and annihilation
times obtained from a numerical integration of Eqs. (1) for
various " and ! values. (a) Defect trajectories for " ¼ 5 and
various ! values (indicated in the plot). The upper (red online)
and lower (blue online) curves correspond to the positive
and negative disclination, respectively. The defects annihilate
where the two curves merge. (b) The same plot for " ¼ 10.
Slowing down the relaxational dynamics of the nematic phase
increases the annihilation time and for ! ¼ "0:2 reverses the
direction of motion of the þ1=2 disclination. (c) Defect separa-
tion as a function of time for ! ¼ 0:2 and various " values.
(d) Annihilation time normalized by the corresponding annihi-
lation time obtained at ! ¼ 0 (i.e., t0a). The line is a fit to the
model described in the text.
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Two-Dimensional Nematic
Colloidal Crystals Self-Assembled
by Topological Defects
Igor Muševič,1,2* Miha Škarabot,1 Uroš Tkalec,1 Miha Ravnik,2 Slobodan Žumer2,1

The ability to generate regular spatial arrangements of particles is an important technological and
fundamental aspect of colloidal science. We showed that colloidal particles confined to a few-
micrometer-thick layer of a nematic liquid crystal form two-dimensional crystal structures that are
bound by topological defects. Two basic crystalline structures were observed, depending on the
ordering of the liquid crystal around the particle. Colloids inducing quadrupolar order crystallize
into weakly bound two-dimensional ordered structure, where the particle interaction is mediated by
the sharing of localized topological defects. Colloids inducing dipolar order are strongly bound into
antiferroelectric-like two-dimensional crystallites of dipolar colloidal chains. Self-assembly by
topological defects could be applied to other systems with similar symmetry.

D
ispersions of colloids or liquid droplets
in a nematic liquid crystal show a diver-
sity of self-assembled structures, such as

linear chains (1, 2), anisotropic clusters (3), two-
dimensional (2D) hexagonal lattices at interfaces
(4, 5), arrays of defects (6), particle-stabilized
gels (7), and cellular soft-solid structures (8).
The ability of liquid crystals to spontaneously
arrange foreign particles into regular geometric
patterns is therefore highly interesting for devel-
oping new approaches to building artificial col-
loidal structures, such as 3D photonic band-gap
devices (9). Current approaches to fabrication
rely on the controlled sedimentation of colloids
from solutions (10), growth on patterned and pre-
fabricated templates on surfaces (11), external-
field–assisted manipulation (12), and precision
lithography combined with mechanical micro-
manipulation (13).

In isotropic solvents, the spatial aggrega-
tion of colloids is controlled by a fine balance
between the attractive dispersion forces and
the Coulomb, steric, and other repulsive forces.
The nature of colloidal interactions in nematic
liquid crystals is quite different. Nematic liquid
crystals are orientationally ordered complex

fluids, in which rodlike molecules are sponta-
neously and collectively aligned into a certain
direction, called the director. Because of their

anisotropy, the orientation of nematic liquid
crystals can be manipulated by external electric
or magnetic fields, or even by anisotropic
surfaces, which is an important issue in liquid
crystal display technology. When foreign par-
ticles are introduced into the nematic liquid
crystal, the orientation of nematic molecules is
locally disturbed because of their interaction
with the surfaces of the inclusions. The dis-
turbance spreads on a long (micrometer) scale
and can be considered as an elastic deforma-
tion of the nematic liquid crystal. Because the
elastic energy of deformation depends on the
separation between inclusions, structural forces
between inclusions are generated. The struc-
tural forces in liquid crystals are long-range (on
the order of micrometers) and spatially highly
anisotropic, thus reflecting the nature of the
order in liquid crystals (14–17).

In our experiments, a dispersion ofmicrometer-
sized silica spheres in the nematic liquid crys-
tal pentylcyanobiphenyl (5CB) was introduced
into a rubbed thin glass cell with thickness
varying along the direction of rubbing from

1J. Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia.
2Faculty of Mathematics and Physics, University of Ljubljana,
Jadranska 19, 1000 Ljubljana, Slovenia.

*To whom correspondence should be addressed. E-mail:
igor.musevic@ijs.si

Fig. 1. Dipolar and quadrupolar colloids in a thin layer of a nematic liquid crystal. (A) Micrograph of a
d 0 2.32 mm silica sphere in an h 0 5 mm layer of 5CB with a hyperbolic hedgehog defect (black spot
on top). (B) The nematic order around the colloid has the symmetry of an electric dipole. (C) Dipoles
spontaneously form dipolar (ferroelectric) chains along the rubbing direction. (D) The same type of colloid
in a thin (h 0 2.5 mm) 5CB layer. The two black spots on the right and left side of the colloid represent the
Saturn ring. (E) The nematic order has in this case the symmetry of an electric quadrupole. (F) Quad-
rupoles spontaneously form kinked chains perpendicular to the direction of rubbing.
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one to several colloidal diameters Esupporting
online material (SOM), section 1^. The colloi-
dal surfaces were treated chemically to induce
perpendicular surface orientation of the 5CB,
whereas the surfaces of the confining cell were
treated to induce parallel orientation. The
resulting elastic distortion of the 5CB around
the colloids generated repulsive forces be-
tween the colloids and the walls of the cell,
thus elastically stabilizing the colloids in the
middle of the nematic layer. In thinner parts of
the cell, the colloids were surrounded by a
distorted nematic liquid crystal that had a
director field with a symmetry reminiscent of
that of an electric quadrupole (18–21). In thicker
parts, the nematic liquid crystal around the
colloids had a symmetry like that of an electric
dipole (1, 2, 18, 19).

Figure 1A shows a micrograph of a silica
sphere with diameter d 0 2.32 T 0.02 mm in a
nematic layer with a thickness (h) of 5 mm. The
structure of the director field around the colloid
is shown in Fig. 1B. It is distorted dipolarly,

with a hyperbolic hedgehog defect (18, 19) that
appears as a dark spot on the top of the colloid
in Fig. 1A. The colloid and the hedgehog are
oriented along the rubbing direction (the y axis
in Fig. 1), thus forming an analog of an electric
dipole (22, 23). Dipoles spontaneously assem-
ble into dipolar (ferroelectric-like) chains ori-
ented along the rubbing direction (Fig. 1C). For
thickness smaller than the critical one hc 0 3.5 T
0.1 mm, the dipolar field around the colloid is
strongly influenced by the confining surfaces.
The symmetry of the director field around the
colloid is now quadrupolar (Fig. 1E), with a
closed disclination line (Saturn ring) surround-
ing the colloid (24). The two black spots on the
right and left side of the colloid in Fig. 1D
represent the top view of the Saturn ring, en-
circling the colloid. Quadrupolar colloids spon-
taneously self-assemble into kinked chains
oriented perpendicular to the rubbing direction
(Fig. 1F).

In the experiments, laser tweezers were used
to position colloids (25) and assist their assem-

bly into stable 2D structures. The temporal po-
sition of the colloids was video-monitored by
means of an optical microscope and image cap-
ture. Analysis of the colloidal trajectories (25)
allowed us to determine the separation depen-
dence of the structural forces between colloids
and the binding energy of colloids in colloidal
assemblies.

Figure 2 shows time sequences of the self-
assembly of quadrupolar colloids in a thin cell.
A single pair of quadrupolar colloids is at-
tracted at an angle of È73-, measured from the
rubbing direction (Fig. 2A), which promotes the
growth of kinked quadrupolar chains in a di-
rection perpendicular to rubbing (Fig. 2, B and
C). Comparison of Fig. 2, B and C, shows that
an additional colloid can either be added to a
position that creates an additional kink or pro-
mote the growth of straight chains that are tilted
with respect to the rubbing direction. Figure 2D
shows that the additional colloid is also at-
tracted laterally to an already-formed chain and
promotes the growth of truly 2D quadrupolar
colloidal crystals. The colloids are in all cases
attracted to a specific position, already at a sep-
aration of several micrometers, which demon-
strates the long-range and anisotropic nature of
structural nematic forces. The measured binding
energy of an additional quadrupole, attracted
along the kinked quadrupolar chain, is È3.4 !
10–18 J (È800 kBT ). The measured lateral at-
traction of an isolated quadrupole toward the
side of a quadrupolar chain is much weaker
(È120 kBT) than the binding energy of a colloid
in a quadrupolar chain. A stack of quadrupolar
chains can rearrange in an almost hexagonal
structure with a more symmetric distribution of
Saturn ring defects.

An example of directed 2D assembly of
quadrupolar colloidal crystal is shown in Fig.
2E. A single colloid was positioned with laser
tweezers close to a crystallite and released from
the optical trap. The sequence of images demon-
strates the attraction of an isolated colloid into
the unoccupied corner of a small crystallite. The
structural force between an isolated colloid and
an already formed quadrupolar 2D nematic
crystallite was attractive when the colloid ap-
proached the chain at its ends. When the colloid
approached the chain or an already-formed crys-
tallite in a lateral direction, the force was at first
repulsive, but when the colloid was forced closer
to the chain, it formed nematic bonds with the
chain. The measured elastic attractive potential
for the sequence in Fig. 2E is presented in Fig.
2F, demonstrating strong attraction over large
separations of more than 5 mm. As a result, sta-
ble 2D crystals with oblique 2D lattices were
assembled (Fig. 2G), which were stable over a
time period of several days. The shape of the
unit cell was that of a general parallelogram
with a 0 2.69 T 0.04 mm, b 0 3.01 T 0.05 mm,
and g 0 56- T 1-. We also observed that such
2D quadrupolar nematic colloidal crystals were
quite susceptible to external perturbations, such

Fig. 2. Growth of 2D quadrupolar nematic colloidal crystals. (A) Time sequence showing the spon-
taneous assembly of a quadrupolar pair of colloids. An additional colloid is attracted to the chain: (B)
into a position that creates a kink, (C) in a straight and tilted line, or (D) laterally. The time between
individual frames in (A) to (C) was 0.8 s and 2.2 s in (D). The cell thickness was h 0 2.7 mm. (E) Directed
assembly of quadrupolar colloids in a 2D crystal. The colloid was positioned close to the corner of an
already formed crystallite and released. Directed attraction into a unoccupied corner due to the
structural force is clearly shown. The time difference between individual frames was 5 s. (F) Measured
elastic energy of the colloid as a function of its separation from the unoccupied corner position (25).
The arrow indicates the direction of movement of the colloid. (G) Large quadrupolar crystal formed by
directed assembly by means of laser tweezers.
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leading to the formation of longer loops that en-
tangle two or more particles (fig. S1 and movies
S1 to S3). In small colloidal clusters, presented in
Fig. 1, B to E, all the loop conformations are
likewise topologically equivalent to the unknot.

The simplest nontrivial topological config-
uration that is created by a sequence of local,
isotropic-to-nematic, temperature, and optically
inducedmicro-quenches is theHopf link (Fig. 1F).

Two interlinked loops, entangled around four
neighboring particles, are visible in both the po-
larizing optical micrograph and the numerically
calculated structure.

However, the true richness of the knots and
links is revealed when the colloidal clusters are
extended to arrays of p × q particles (Fig. 1G).
The laser-assisted knitting technique was applied
at multiple knitting sites so as to connect the

neighboring defect rings. A series of nematic
braids, realized on 3 × q particle arrays is shown
in Fig. 1, G to J (left). To identify the topology of
the entangled loops, we performed a sequence
of topology-preserving Reidemeister moves (1),
which virtually transform the real physical con-
formation of the loops into its planar projection
with the minimum number of crossings. Nega-
tive or left-handed crossings (1) are favored in a
left-twisted nematic profile because of the geo-
metric constraint of the cell. The relaxation map-
pings, illustrated in Fig. 1, G to J (right), reveal a
surprising result. There is a series of alternating
torus knots and links (1): the trefoil knot, the
Solomon link, the pentafoil knot, and the Star of
David. This generically knotted series of knots
and links shows that the confining lattice of col-
loidal particles allows for the production of torus
links and knots of arbitrary complexity, simply
by adding and interweaving additional rows of
particles—that is, by increasing q.

The knots and links can also be reversibly retied.
Topologically, this corresponds to locally changing
the mutual contact—the unit tangle (1)—between
the two segments of the knotted line, which can
either cross or bypass one another in two per-
pendicular directions. We were able to reknot the
disclination lines in the region of the selected
tangle by applying the laser-induced micro-
quench, as shown in Fig. 2, thus transforming
the unit tangles one into another and consequently
changing the topology of the presented confor-
mations. Starting from a tangle inside the encircled
region in Fig. 2A, the laser beam initially cut the
tangle, and then by using precise positioning and
intensity tuning of the beam, the line segments
were reknotted into a distinct tangle (Fig. 2C).
Further, we reknotted a tangle (Fig. 2C) into
another distinct tangle (Fig. 2E). We can make
exactly three tangles by reversibly transforming
them one into another. These local transforma-
tions change the topology and the handedness
(right, +; left, –) of the chiral knots and links,
which in a given example corresponds to con-
versions between the right-handed trefoil knot 31

+

(Fig. 2A), the left-handed composite knot 31
–#31

–

(Fig. 2C), and the two-component link 63
2 (Fig.

2E). Eventually, the reknotting of knots and links
can be performed for any desired knotting se-
quence of unit tangles at any specific position
in a colloidal array. More specifically, the p × q
array of particles generates a template of (p – 1) ×
(q – 1) unit tangles—for example, six tangles on
a four-by-three particle array, which can all be
individually switched, thus inducing site-specific
transformations between various knots and links.

The optical retying of knots and links is di-
rectly related to the changes in the orientational
field of the nematic host. Each tangle has four
free ends of two-defect line segments (Fig. 2, A,
C, and E, insets), which in our system form the
corners of an approximate tetrahedron (Fig. 2B).
The director field inside the tetrahedron has an
intrinsic dihedral symmetry, with two perpendic-
ular mirror symmetry planes and a full tetrahedral

Fig. 2. Rewiring of
knots and links by use
of laser tweezers. (A) A
right-handed trefoil knot
is realized on a four-by-
three colloidal array. The
dashed circles indicate a
unit tangle that can be
rewired with the laser
beam. The tangle con-
sists of two perpendicu-
lar line segments and the
surrounding molecular
field. (B) By rewiring the
unit tangle that corre-
sponds to a 2p/3 rotation
of the encircled tetrahe-
dron, a new composite knot, shown in (C), is knitted. The sequence of tangle rewirings in (B), (D), and (F)
results in switching between knots and links, demonstrated in (A), (C), and (E). Scale bars, 5 mm.

Fig. 1. Topological defect
lines tie links and knots
in chiral nematic colloids.
(A) A twisted defect ring
is topologically equivalent
to the unknot and appears
spontaneously around a
single microsphere. The
molecular orientation on
the top and bottom of the
cell coincides with the ori-
entation of the crossed po-
larizers. (B to E) Defect
loops of colloidal dimer,
trimer, and tetramers are
equivalent to the unknot.
(F) The Hopf link is the
first nontrivial topologi-
cal object, knitted from two
interlinked defect loops.
In (A) to (F), the correspond-
ing loop conformations
were calculated numerical-
ly by using the Landau-de
Gennes free-energy model
(13). (G to J) A series of al-
ternating torus knots and
links on 3 × q particle ar-
rays are knitted by the
laser-induced defect fu-
sion. The defect lines are
schematically redrawn by using a program for representing knots (33) to show the relaxation
mapping from the initial planar projection to the final knot diagram, which was performed by the
sequence of Reidemeister moves. The designations of knots follow the standard notation CiN, where C
indicates the minimal number of crossings, i distinguishes between different knot types, and N counts
the number of loops in multicomponent links. Scale bars, 5 mm.
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FIG. 2: Notation and experimental system. a,
Schematic of a curved thin film adhering to a soft spheri-
cal substrate of outer radius R. b, The film (thickness h) is
driven towards a wrinkling instability by the compressive film
stress �, leading to wrinkling pattern with wavelength � and
radial displacement u. c, The experimental system consists
of two merged hemispherical caps. An air channel allows to
tune the film stress � via the pressure di↵erence �p = pe�pi.

dard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection [10, 34]. The
additional (�1,�2)-terms will prove crucial below when
matching theory and experiments.

The detailed derivation (Supplementary Information),
combined with systematic asymptotic analysis of the pla-
nar limit R/h ! 1, allows us to express the coe�-
cients in Eq. (1) in terms of the standard material pa-
rameters: Poisson ratio of the film ⌫, e↵ective curva-
ture  = h/R, Young ratio ⌘ = 3Es/Ef , and excess
stress ⌃e = (�/�c) � 1 (Table I). The theory contains
only a single fitting parameter, c1, related to the cubic
stretching force term cu3. Equation (1) predicts that
the unbuckled solution u = 0 is stable for negative ex-
cess stresses ⌃e < 0, whereas wrinkling occurs for ⌃e � 0.
Linear stability analysis at ⌃e = 0 and  = 0 reproduces
the classical [35] pattern wavelength relation for planar
wrinkling �/h = 2⇡⌘�1/3 (Supplementary Information).

Numerical simulation of Eq. (1) is nontrivial due to the
metric dependence of the biharmonic operator 42 [33].
To compute the stationary wrinkling patterns (Fig. 1a-c)
predicted by Eq. (1), we implemented a C1-continuous
finite-element algorithms specifically designed for covari-
ant fourth-order problems (Methods). A main benefit of
Eq. (1), however, is that it enables analytical prediction
of the various pattern formation regimes.

Pattern selection

Pattern selection in the wrinkling regime ⌃e � 0 is a
nonlinear process and, therefore, cannot be inferred from
linear stability analysis. Numerical parameter scans of
Eq. (1) yield a variety of qualitatively di↵erent station-
ary states that can be classified as representatives of a
hexagonal phase (Fig. 1a), labyrinth phase (Fig. 1c), or
intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be under-
stood through a symmetry argument: The (b,�1)-terms
in Eq. (1) break the radial reflection invariance of its so-
lutions under the transformation u ! �u. Since b and
�1 are controlled by  = h/R (Table I), we expect a
curvature-induced SB transition at some critical value
of . Furthermore, recalling that the inclusion of similar
SB terms causes a transition from labyrinths to hexago-
nal patterns in the classical SH model [34], it is plausible
to expect a hexagonal phase at large curvatures  and
labyrinths at smaller values of  in our system.
To obtain a quantitative prediction for the phase

boundaries, we approximate Eq. (1) through a
standard SH equation and make use of estab-
lished results from nonlinear stability analysis [36].
Assuming plane-wave solutions with amplitude A
and wavevector k, the �1-term exerts an aver-
age force �1h(ru)2 + 2u4ui� = ��1A2k2/2 per wave-
length �. One may therefore approximate the �1-term
by an e↵ective quadratic force ��1k2u2, and similarly
the �2-term by an e↵ective cubic force �2k2u3/2 (Supple-
mentary Information). Inserting for k the most unstable
mode, k⇤ =

p
|�0|/(2�2), Eq. (1) can be approximated

by the standard SH equation

@t� = �24��42��A��B�2 � �3 (2)

�0 =
2

3
� 1

6

p
⌘4/3 + 24(1 + ⌫)2 + 164

a =
⌘4/3

12
+

6(1 + ⌫)� ⌘2/3

3
2 +

4

3
+ ã2⌃e

b = 3(1 + ⌫)3

c =
2(1 + ⌫)⌘2/3

3
c1 + (1 + ⌫)4

�1 =
1 + ⌫
2



�2 =
1 + ⌫
2

2

ã2 = �⌘4/3(c+ 3|�0|�2)
48�2

0

TABLE I: List of parameters for Eq. (1) in units h = 1, with
⌘ = 3Es/Ef , �2 = 1/12, ⌃e = (�/�c)� 1 and  = h/R. The
only remaining fitting parameter of the model is c1.
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Accordingly, the critical wrinkling stress scales as 1/R2.
Therefore, if R can be controlled independent of t and material
properties, it can be used to dictate the applied overstress and,
consequently, the observed morphological characteristics,
according to recent reports on wrinkle morphological
control.2,23,24 In the remainder of this paper, we apply experi-
mental methods for controlling and measuring the applied
overstress for surfaces with prescribed curvature to demon-
strate this control.

Results and discussion

To generate elastomer substrates with a range of curvatures, we
rst fabricated epoxy molds with spherical depressions ranging
from 100 mm to 1 mm in radius. These were used to mold liquid
poly(dimethylsiloxane) (PDMS) prepolymer into spherical caps
on top of a at surface (Fig. 2), such that the spherical caps and
foundation formed a single, crosslinked PDMS network upon
curing. Using these molds, multiple samples with identical
curvature could be created, allowing multiple overstress
conditions to be applied to a single radius of curvature. These
samples were then exposed to UV–ozone (UVO) oxidation for
20–60 minutes, creating a thin oxide lm on the surface of the
caps and foundation. Aer treatment, the oxidized samples
were placed in sealed glass chambers containing reservoirs of a

mixture of ethanol and glycerol. The volumetric fraction of
ethanol in the reservoir was used to control the ethanol vapor
pressure inside the chambers. The oxide lm was swollen via
absorption of ethanol vapor until an equilibrium was reached
(>12 hours), aer which the surfaces of the curved and at
portions of the sample were characterized using optical
microscopy and image analysis techniques. The overstress was
measured using the curling of thin beams of UVO-treated
PDMS, according to previously reported techniques.23

Based on the predictions of Cai et al. for surfaces with a
sufficiently large radius of curvature, wrinkling patterns should
resemble those of a at wrinkling surface, regardless of the
applied swelling stress. If the critical wrinkling stress is inu-
enced by the curvature, a morphological transition is expected
as R decreases. Therefore, equibiaxial stress conditions which
drive the formation of ridge patterns on large caps will create
low-overstress wrinkling, such as dimples, on smaller caps.
Furthermore, wrinkling will be suppressed at sufficiently small
caps if the critical wrinkling stress rises above the applied
swelling stress.

To test these predictions, several system parameters were
varied to control the magnitude of the applied overstress. Most
signicantly, the curvature parameterUwas varied over an order
of magnitude by varying either R (Fig. 1a) or t, which was
controlled via UVO exposure time (Fig. 1b). The applied swelling
stress was also varied, at constant U, by changing the ethanol
vaporpressure (Fig. 1c), though this effect is the sameas reported
for at surfaces.23 Due to the inherent gradient nature of the
UVO-generated oxide layer, it is difficult to identify exact values
for t (although previous reports estimate t ! 100–200 nm30,31),
therefore we reformulate U in terms of the measurable wrinkle
wavelength l using the well-known relationship1

l ¼ 2pt( !Ef/3 !Es)
1/3 (6)

to give

U ¼ p#1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
1# nf 2

#q $
l

R

%
ðE#f=3E

#
sÞ1=3 (7)

The results from varying R, with all other material and
geometric properties remaining constant, are shown in Fig. 1a.
Below a critical R, wrinkling is not observed, indicating that s <
sRc . As R increases, dimples, coalesced dimples, and nally long
ridges are observed on the surface of the wrinkling spherical
cap. The dimple patterns formed in these experiments typically
exhibited enhanced hexagonal ordering compared to similar
patterns for wrinkling at surfaces. Additionally, the charac-
teristic wrinkle wavelength on the curved surfaces was consis-
tent with that measured for the corresponding at surface.

To quantify the dimple to ridge transition, we used image
analysis on the micrographs of the wrinkled surfaces. The
micrographs were converted to binary images to delineate the
peaks and valleys of the wrinkles. Examples of resulting binary
images of dimpled and ridged structures are shown in Fig. 3.
The circularity (G), the ratio of a region's area (A) to the square of
its perimeter (P) normalized to the corresponding ratio of a
circle,

Fig. 2 Schematic of the fabrication of UVO-treated PDMS spherical cap samples.
Epoxy molds were fabricated by UV-curing liquid epoxy resin in contact with
PDMS samples. For larger radii (left), glass spheres were partially embedded in the
PDMS, while for smaller radii (right), air bubbles at the epoxy–PDMS interface
formed spherical depressions in the cured epoxy. The epoxy molds were then
used to fabricate the supported spherical cap samples which were subsequently
wrinkled using the UVO/vapor-swelling process.
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Accordingly, the critical wrinkling stress scales as 1/R2.
Therefore, if R can be controlled independent of t and material
properties, it can be used to dictate the applied overstress and,
consequently, the observed morphological characteristics,
according to recent reports on wrinkle morphological
control.2,23,24 In the remainder of this paper, we apply experi-
mental methods for controlling and measuring the applied
overstress for surfaces with prescribed curvature to demon-
strate this control.

Results and discussion

To generate elastomer substrates with a range of curvatures, we
rst fabricated epoxy molds with spherical depressions ranging
from 100 mm to 1 mm in radius. These were used to mold liquid
poly(dimethylsiloxane) (PDMS) prepolymer into spherical caps
on top of a at surface (Fig. 2), such that the spherical caps and
foundation formed a single, crosslinked PDMS network upon
curing. Using these molds, multiple samples with identical
curvature could be created, allowing multiple overstress
conditions to be applied to a single radius of curvature. These
samples were then exposed to UV–ozone (UVO) oxidation for
20–60 minutes, creating a thin oxide lm on the surface of the
caps and foundation. Aer treatment, the oxidized samples
were placed in sealed glass chambers containing reservoirs of a

mixture of ethanol and glycerol. The volumetric fraction of
ethanol in the reservoir was used to control the ethanol vapor
pressure inside the chambers. The oxide lm was swollen via
absorption of ethanol vapor until an equilibrium was reached
(>12 hours), aer which the surfaces of the curved and at
portions of the sample were characterized using optical
microscopy and image analysis techniques. The overstress was
measured using the curling of thin beams of UVO-treated
PDMS, according to previously reported techniques.23

Based on the predictions of Cai et al. for surfaces with a
sufficiently large radius of curvature, wrinkling patterns should
resemble those of a at wrinkling surface, regardless of the
applied swelling stress. If the critical wrinkling stress is inu-
enced by the curvature, a morphological transition is expected
as R decreases. Therefore, equibiaxial stress conditions which
drive the formation of ridge patterns on large caps will create
low-overstress wrinkling, such as dimples, on smaller caps.
Furthermore, wrinkling will be suppressed at sufficiently small
caps if the critical wrinkling stress rises above the applied
swelling stress.

To test these predictions, several system parameters were
varied to control the magnitude of the applied overstress. Most
signicantly, the curvature parameterUwas varied over an order
of magnitude by varying either R (Fig. 1a) or t, which was
controlled via UVO exposure time (Fig. 1b). The applied swelling
stress was also varied, at constant U, by changing the ethanol
vaporpressure (Fig. 1c), though this effect is the sameas reported
for at surfaces.23 Due to the inherent gradient nature of the
UVO-generated oxide layer, it is difficult to identify exact values
for t (although previous reports estimate t ! 100–200 nm30,31),
therefore we reformulate U in terms of the measurable wrinkle
wavelength l using the well-known relationship1

l ¼ 2pt( !Ef/3 !Es)
1/3 (6)

to give

U ¼ p#1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
1# nf 2

#q $
l

R

%
ðE#f=3E

#
sÞ1=3 (7)

The results from varying R, with all other material and
geometric properties remaining constant, are shown in Fig. 1a.
Below a critical R, wrinkling is not observed, indicating that s <
sRc . As R increases, dimples, coalesced dimples, and nally long
ridges are observed on the surface of the wrinkling spherical
cap. The dimple patterns formed in these experiments typically
exhibited enhanced hexagonal ordering compared to similar
patterns for wrinkling at surfaces. Additionally, the charac-
teristic wrinkle wavelength on the curved surfaces was consis-
tent with that measured for the corresponding at surface.

To quantify the dimple to ridge transition, we used image
analysis on the micrographs of the wrinkled surfaces. The
micrographs were converted to binary images to delineate the
peaks and valleys of the wrinkles. Examples of resulting binary
images of dimpled and ridged structures are shown in Fig. 3.
The circularity (G), the ratio of a region's area (A) to the square of
its perimeter (P) normalized to the corresponding ratio of a
circle,

Fig. 2 Schematic of the fabrication of UVO-treated PDMS spherical cap samples.
Epoxy molds were fabricated by UV-curing liquid epoxy resin in contact with
PDMS samples. For larger radii (left), glass spheres were partially embedded in the
PDMS, while for smaller radii (right), air bubbles at the epoxy–PDMS interface
formed spherical depressions in the cured epoxy. The epoxy molds were then
used to fabricate the supported spherical cap samples which were subsequently
wrinkled using the UVO/vapor-swelling process.
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Accordingly, the critical wrinkling stress scales as 1/R2.
Therefore, if R can be controlled independent of t and material
properties, it can be used to dictate the applied overstress and,
consequently, the observed morphological characteristics,
according to recent reports on wrinkle morphological
control.2,23,24 In the remainder of this paper, we apply experi-
mental methods for controlling and measuring the applied
overstress for surfaces with prescribed curvature to demon-
strate this control.

Results and discussion

To generate elastomer substrates with a range of curvatures, we
rst fabricated epoxy molds with spherical depressions ranging
from 100 mm to 1 mm in radius. These were used to mold liquid
poly(dimethylsiloxane) (PDMS) prepolymer into spherical caps
on top of a at surface (Fig. 2), such that the spherical caps and
foundation formed a single, crosslinked PDMS network upon
curing. Using these molds, multiple samples with identical
curvature could be created, allowing multiple overstress
conditions to be applied to a single radius of curvature. These
samples were then exposed to UV–ozone (UVO) oxidation for
20–60 minutes, creating a thin oxide lm on the surface of the
caps and foundation. Aer treatment, the oxidized samples
were placed in sealed glass chambers containing reservoirs of a

mixture of ethanol and glycerol. The volumetric fraction of
ethanol in the reservoir was used to control the ethanol vapor
pressure inside the chambers. The oxide lm was swollen via
absorption of ethanol vapor until an equilibrium was reached
(>12 hours), aer which the surfaces of the curved and at
portions of the sample were characterized using optical
microscopy and image analysis techniques. The overstress was
measured using the curling of thin beams of UVO-treated
PDMS, according to previously reported techniques.23

Based on the predictions of Cai et al. for surfaces with a
sufficiently large radius of curvature, wrinkling patterns should
resemble those of a at wrinkling surface, regardless of the
applied swelling stress. If the critical wrinkling stress is inu-
enced by the curvature, a morphological transition is expected
as R decreases. Therefore, equibiaxial stress conditions which
drive the formation of ridge patterns on large caps will create
low-overstress wrinkling, such as dimples, on smaller caps.
Furthermore, wrinkling will be suppressed at sufficiently small
caps if the critical wrinkling stress rises above the applied
swelling stress.

To test these predictions, several system parameters were
varied to control the magnitude of the applied overstress. Most
signicantly, the curvature parameterUwas varied over an order
of magnitude by varying either R (Fig. 1a) or t, which was
controlled via UVO exposure time (Fig. 1b). The applied swelling
stress was also varied, at constant U, by changing the ethanol
vaporpressure (Fig. 1c), though this effect is the sameas reported
for at surfaces.23 Due to the inherent gradient nature of the
UVO-generated oxide layer, it is difficult to identify exact values
for t (although previous reports estimate t ! 100–200 nm30,31),
therefore we reformulate U in terms of the measurable wrinkle
wavelength l using the well-known relationship1

l ¼ 2pt( !Ef/3 !Es)
1/3 (6)

to give

U ¼ p#1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
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The results from varying R, with all other material and
geometric properties remaining constant, are shown in Fig. 1a.
Below a critical R, wrinkling is not observed, indicating that s <
sRc . As R increases, dimples, coalesced dimples, and nally long
ridges are observed on the surface of the wrinkling spherical
cap. The dimple patterns formed in these experiments typically
exhibited enhanced hexagonal ordering compared to similar
patterns for wrinkling at surfaces. Additionally, the charac-
teristic wrinkle wavelength on the curved surfaces was consis-
tent with that measured for the corresponding at surface.

To quantify the dimple to ridge transition, we used image
analysis on the micrographs of the wrinkled surfaces. The
micrographs were converted to binary images to delineate the
peaks and valleys of the wrinkles. Examples of resulting binary
images of dimpled and ridged structures are shown in Fig. 3.
The circularity (G), the ratio of a region's area (A) to the square of
its perimeter (P) normalized to the corresponding ratio of a
circle,

Fig. 2 Schematic of the fabrication of UVO-treated PDMS spherical cap samples.
Epoxy molds were fabricated by UV-curing liquid epoxy resin in contact with
PDMS samples. For larger radii (left), glass spheres were partially embedded in the
PDMS, while for smaller radii (right), air bubbles at the epoxy–PDMS interface
formed spherical depressions in the cured epoxy. The epoxy molds were then
used to fabricate the supported spherical cap samples which were subsequently
wrinkled using the UVO/vapor-swelling process.
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In the above equations, C, C9, and C0 are the functions of the shell

thickness hR and the modulus mismatch of Ef
!
Es

, respectively. In our

case (i.e., hR and Ef
!
Es

remain unchanged when the oxidation reac-
tion time, the mixed acid composition, and microsphere modulus are
fixed), lR and R approximately satisfy the following linear relation:

lg lR~0:3 lg R{0:33: ð8Þ

Apparently, the slope in Eq. (8) is somehow larger than those shown
in Eqs.5–7. This difference may be attributed to the different wrink-
ling systems and experimental conditions22,27. Additionally, this devi-
ation from the theoretical predictions might as well be due to the fact
that the oxidation procedure introduces a cross-linkage gradient
rather than a layer with a constant elastic property, as it is usually
assumed in the theoretical work.

Here we study the effect of the mixed acid composition on the
wrinkling morphologies on PDMS(1051) microspheres (Fig. 2).
Different from the as-reported composition modulation of the mixed
acid solution via the heating-induced volatilization of HNO3

34, the
current case is achieved by simply mixing the corresponding volume
ratio of acids and water directly. Firstly, the change of HNO3 content
is studied (Fig. 1b–e and Fig. 2a–g). For example, when
VH2SO 4 : VHNO 3 : VH2O is set to be 66:x:12 (x: HNO3 content), the
mixed acid solution with a too high (e.g., x 5 40, Fig. 2a) or too
low x (e.g., x 5 5, Fig. 2g) can not engender the wrinkling on the
spherical surface. The relatively suitable HNO3 content for the
wrinkling is found to be 15 , 7 with VH2SO 4 : VHNO 3 : VH2O of 66:
(15 , 7):12 (Fig. 1b–e and Fig. 2c–f). It is known that the oxidation
reactivity of the mixed acid solution decreases as the HNO3 content
decreases34. Thus a small HNO3 content with a low oxidation react-
ivity can not elicit the formation of the rigid oxidized outerlayer in
the PDMS substrate because PDMS has a good surface chemical
stability (Fig. 2g). When the oxidation reactivity is too high, the
oxidized PDMS microspheres deform severely and adhere to each
other (Fig. 2a). Meanwhile, a thicker and stiffer oxidized outerlayer is
generated, resulting in a higher sR

c expected from Eqs.2,329. However
the swelling-induced sR from the surface oxidation processing,
which will be discussed later, is still lower than sR

c . Consequently

no wrinkling happens in this case (Fig. 2a). As for the same large size
of the PDMS microspheres (e.g., ,5 mm in the radius, the circled one
in Fig. 2f), a careful examination shows that the wrinkling morpho-
logy evolves from the labyrinth patterns to the dimples, when the
volume ratio of the strong acid mixtures varies from 66:(15 , 11):12
(Fig. 1b and Fig. 2c,d) to 66:(9 , 7):12 (Fig. 2e,f). In the latter case, a
low overstress is obviously at least one pre-requisite for the formation
of dimples on spherical surfaces. Additionally, these results are
reminiscent of the fine modulation of sR

c and sR through alteration
of the mixed acid composition, and the internal relation of the spher-

ical wrinkling patterns with sR!
sR

c
and hR/R. According to

Eqs.2,328,29, it is known that no wrinkling is induced on too small
microspheres due to the sharp increase in sR

c . However, when the
mixed acid solution with the volume ratio of 66:(9 , 7):12 is used, no
wrinkling happens on big PDMS microspheres yet (denoted by red
arrows in Fig. 2e.f). It is assumed to be the induced sR lower than sR

c .
From the latter result shown in Fig. S2 (SI), we know that bigger
microspheres have a smaller swelling ratio in comparison with smal-
ler ones under the same conditions.

Similarly, H2SO4 composition in the mixed acid solution is also
important. A lower H2SO4 content can not lead to surface wrinkling
on PDMS microspheres (Fig. 2h,i). This is due to the fact that the
oxidation ability of the mixed acid solution comes from the syn-
ergetic effect of HNO3 and H2SO4

33. In addition, the concentration
of the mixed acid solution also needs to be carefully considered
(Fig. 2j, k). The mixed acid solution with a high concentration
(e.g., VH2SO 4 : VHNO 3 5 66511, no water added) leads to a porous
film with full disappearance of the original PDMS microspheres due
to the excessively strong oxidation etching (Fig. 2j). As for a relatively
low concentration (Fig. 2k), low surface oxidation reactivity is not
enough to oxidize PDMS microspheres, just as the case of a low
content of HNO3 (Fig. 2g) or H2SO4 (Fig. 2h,i) applied.

In addition, the relation of the oxidation time tr with the wrinkling
behavior has also been explored (Fig. 3). From the recorded SEM
images (Fig. 3a–e), it is seen that tr has no obvious effect on the
wrinkling morphology. A shorter oxidation time tr (e.g., 30 s,
Fig. 3a), even 10 s (data not shown here), roughly results in the

Figure 2 | SEM images of the PI-processed PDMS(1051) microspheres with different VH2 SO4
: VHNO3

: VH2 O : a) 66540512; b) 66520512; c) 66515 512; d)
66513512; e) 6659 512; f) 6657 512; g) 6655 512; h) 30511512; i) 10511512; j) 6651150; k) 66511524.
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onstrate that these surface textures belong to typical wrinkle
morphologies (Fig. 1c–e). Furthermore, when the radius R of
PDMS(1051) microspheres increases from ,2.25 mm to ,4.75 mm,
the corresponding wrinkles change from the dimple (or buckyball-
like) (Fig. 1c) to labyrinth patterns (Fig. 1d). A careful examination
further shows that under the same conditions, no surface wrinkling is
induced on a small radius of PDMS(1051) microsphere (circled one in
Fig. 1b), owing to the requirement of a larger critical wrinkling stress
according to Eqs.2,328,29.

The influence of the Young’s modulus of PDMS(n:1) microspheres
(EPDMS (n:1)

) on the wrinkling patterns is given in Fig. S1d–f (SI). In the
current case, EPDMS (n:1)

is well tuned by the weight ratio (n:1) of the
PDMS base/curing agent. Furthermore, the EPDMS (n:1)

of PDMS(n:1)

microsphere can be considered equal to that of the corresponding
planar PDMS(n:1) film. According to the planar data reported in Ref.
38, EPDMS (n:1)

is estimated to be ,2.6 MPa, 1.8 MPa, 0.9 MPa, and
0.5 MPa, when n:1 5 551, 1051, 1551, and 2051, respectively.
Evidently, the wrinkling behavior on these spherical surfaces (SI:
Fig. S1d–f) is similar to that on the PDMS(1051) microspheres
(Fig. 1b–e). When compared the roughly same radius sizes of
PDMS(n:1) microspheres (Fig. 1b and SI: Fig. S1e,f), we see the
bridged dimples are favorable on stiffer PDMS microspheres (e.g.,
SI: Fig. S1d). It should be originated from the increase of sR

c for more
rigid spherical substrates and the decrease of the resultant overstress.

Figure 1f shows the relation of the wrinkling wavelength lR with
the radius R and the modulus EPDMS (n:1)

of PDMS(n:1) microspheres,
respectively. Here the wrinkling wavelength lR is mainly estimated
on the base of the recorded SEM images. It is found that the power
law behavior between lR and R exists for the same EPDMS (n:1)

applied
(Fig. 1f). Additionally, consistent with the theoretical predictions
given by Eqs.2,3, the lR , R plots for different moduli of
PDMS(n:1) microspheres are approximately parallel to each other
in the double logarithmic coordinate (Fig. 1f). Meanwhile, the wrin-
kles triggered on stiffer PDMS microspheres have a smaller wrinkle
wavelength under the same conditions.

It is known that when exposed to the mixed strong acid solution,
the surface oxidation reaction occurs on PDMS microspheres with
the formation of an oxidized SiOx layer, just as the case of the planar
PDMS substrate applied33,34. Consequently, a film/substrate spherical
system composed of the SiOx outerlayer and the underlying PDMS
microsphere is generated. Under the standard oxidation conditions,
the thickness hR of the oxidized layer can be assumed to be equal for
different radii of PDMS(1051) microspheres. Thus in Fig. 1b–e, the
dimple patterns are formed in the oxidized PDMS(1051) microspheres
with a larger hR/R (i.e., V), whereas the labyrinth patterns take over in
the presence of a smaller hR/R. These substrate curvature-dependent
wrinkle morphologies are in good agreement with the previous
experimental and theoretical results22,25,26,28. As for the power law
between the wrinkling wavelength lR and the sphere radius R
(Fig. 1f) is also in accord with the previous results22–24,27. For example,
according to the numerical result of Yin et al., the critical wrinkling
wavelength lR

cr in a cylindrical substrate is given by23,24:

lR
cr~2phR

R
hR

! "1
4 Ef

12Es

! "1
4

: ð4Þ

It can be simplified as:

lg lR
cr~

1
4

lg RzC: ð5Þ

In the work of Cao et al., the critical wrinkling wavelength on Ag
core/SiO2 shell composite microspheres is shown in Eq.1 with the
constants of a 5 3.0 and b 5 20.8, respectively22. Alternatively, Eq.1
can be written as

lg lR
cr~0:2 lg RzC’: ð6Þ

From the experimental result of Trindade et al. on the hemispherical
surface wrinkling in elastomeric PU/PBDO spheres, we have27

lg lR~0:18 lg RzC’’: ð7Þ

Figure 1 | SEM images of PDMS(1051) microspheres before (a) and after (b–e) the PI processing. Zoomed PDMS(1051) microspheres with the radius R: c)
,2.25 mm; d) ,4.75 mm; e) ,15 mm. Frame f shows the lR , R relationship for different EPDMS (n:1)

.
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FIG. 1: Macroscopic and microscopic wrinkling morphologies of sti↵ thin films on spherically curved soft
substrates. a-c, Theoretical predictions based on numerical steady-state solutions of Eq. (1). Color red (blue) signals inward
(outward) wrinkles. Simulation parameters: (a) �0 = �0.029, a = 0.00162, c = 0.0025, (b) �0 = �0.04, a = �1.26 · 10�6,
c = 0.002, (c) �0 = �0.02, a = 1.49 · 10�4, c = 0.0025 (see Table I). d-f, Experimentally observed patterns confirm the
transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h (see
Fig. 2) is increased. Scale bars: 10mm. Parameters: Ef = 2100 kPa, R = 20mm, ⌫ = 0.5 and (d) Es = 230 kPa, h = 0.630mm;
(e) Es = 29 kPa, h = 0.14mm; (f) Es = 63 kPa, h = 0.10mm. g-i, Oxide layers on microscopic PDMS hemispheres exhibit
a similar transition from hexagonal to labyrinth patterns when the excess film stress is increased via changes in the ambient
ethanol concentration (indicated in %). Scale bars 250µm. Micrographs courtesy of D. Breid and A. Crosby [27].

Theory of thin-film deformation on soft substrates

Our derivation starts from the covariant Koiter shell
equations [31], obtained from three-dimensional elasticity
theory through an expansion in the film thickness h ! 0.
Koiter’s model expresses the elastic energy of a freestand-
ing curved shell in terms of deformations of its central
surface (Supplementary Information). Although the Koi-
ter equations have been successfully used in computa-
tional wrinkling studies [25, 26], their nonlinear tenso-
rial structure o↵ers limited insight beyond linear stabil-
ity analysis. We found, however, that substantial analyt-
ical simplifications are possible when a sti↵ film (Young
modulus Ef ) is adhered to a soft substrate with Young
modulus Es ⌧ Ef .

As relevant to our experiments, which are described
in detail below, we consider a spherical geometry with
radius R/h � 1 and assume that film and substrate
have the same Poisson ratio ⌫. Generalizations to non-
spherical surfaces are obtained by replacing the met-
ric tensor appropriately. Continuity across the film-
substrate interface favors deformations that are domi-
nated by the radial displacement u (Fig. 2; from now

all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the
strain energy, which contains the original Koiter shell
energy density as well as additional substrate coupling
and overstress contributions, in terms of the covariant
surface derivative ru and powers of u (Supplementary
Information). Functional variation of the elastic energy
with respect to u then yields a nonlinear partial di↵er-
ential equation for the wrinkled equilibrium state of the
film. Assuming overdamped relaxation dynamics, one
thus obtains the following GSH equation (Supplementary
Information)

@tu = �04u� �242u� au� bu2 � cu3 +

(�1 + �2u) ·
⇥
(ru)2 + 2u4u

⇤
(1)

Here, 4 denotes the Laplace-Beltrami operator, involv-
ing the surface metric tensor of the sphere and Christof-
fel symbols of the second kind, and 42 is the surface
biharmonic operator [33]. The (�0, �2)-terms describe
stress and bending, the (a, b, c)-terms comprise local film-
substrate interactions and stretching contributions, and
the (�1,�2)-terms account for higher-order stretching
forces. For �1 = �2 = 0, Eq. (1) reduces to the stan-
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We derive an e↵ective theory for the wrinkling of thin hard films on soft curved substrates. Starting

from the nonlinear Koiter shell equations, we show that the elastic equations can be reduced to a

generalized Swift-Hohenberg equation [Eq. (1) in the Main Text]. Using nonlinear analysis of this

e↵ective fourth-order equation, we derive predictions for hexagonal and labyrinth-like wrinkling

patterns in dependence on the film stress and the substrate curvature.

DEFINITIONS

Let S = ⇥(✓1, ✓2) be a surface in R3, parameterized
by y = (✓1, ✓2) 2 ! ⇢ R2. Throughout, Greek in-
dices ↵,�, . . . take values in {1, 2}, whereas Latin indices
i, j, . . . run from 1 to 3. The induced metric a↵� (first
fundamental form) on the surface S = ⇥(✓1, ✓2) is given
by

a↵� = a↵ · a� = a�↵, (1)

where

a↵ = ⇥,↵ ⌘ @↵⇥ ⌘ @⇥

@✓↵
(2)

are the tangent vectors, and · denotes the Euclidean in-
ner product on R3. The unit-length normal vector n is
defined by

n ⌘ a
3 =

a1 ⇥ a2

|a1 ⇥ a2|
(3)

and characterized by the properties

n · n = 1, n · a↵ = 0, n,↵ · n = 0

n,↵ · a� = �a↵,� · n, n · n,↵� = �n,↵ · n,�

The surface element is

d! =
p
a dy ⌘

q
|det(a↵�)| dy (4)

We also introduce the second and third fundamental
forms b↵� , c↵� with components given by

b↵� = n · a↵,� (5a)

c↵� = n,↵ · n,� (5b)

⇤Current address: Faculté des Sciences, Université Libre de Brux-
elles (ULB), Bruxelles 1050, Belgium

The Christo↵el symbols are

��
↵� =

1

2
a
�� (a�↵,� + a��,↵ � a↵�,�) (6)

where a↵� are the contravariant components of the metric
tensor (a↵�a�� = �

↵
� ), and a

↵ = a
↵�

a� . The following
identities will be useful later:

n↵ = �b↵�a
� = �b

�
↵a� (7a)

b
�
↵b�� = n,↵ · n,� = c↵� (7b)

The covariant derivative of a scalar function  is

r↵ =  ,↵ (8)

The gradient of  on the surface S has components

r↵
 = a

↵�r↵ (9)

The action of the Laplace-Beltrami operator 4 on scalar
function is defined as

4 = r↵r↵
 = a

��
 ,�� � a

����
�� ,� (10)

For a vector field V
↵ or for (0, 1)�tensor field V↵, the

covariant derivative involves the Christo↵el symbols,

r↵V
� = V

�
,↵ + �↵

��V
� (11a)

r↵V� = V�,↵ � ��
↵�V� (11b)

All gradients r and Laplacians 4 below refer to these
surface-specific di↵erential operators.
Below, we will focus on the case of a spherical sur-

face of radius R, which in spherical coordinates (✓1, ✓2) 2
[0, 2⇡)⇥ [0,⇡] is described by the metric tensor

(a↵�) =

✓
(R sin ✓2)2 0

0 R
2

◆
(12)
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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FIG. 2: Notation and experimental system. a,
Schematic of a curved thin film adhering to a soft spheri-
cal substrate of outer radius R. b, The film (thickness h) is
driven towards a wrinkling instability by the compressive film
stress �, leading to wrinkling pattern with wavelength � and
radial displacement u. c, The experimental system consists
of two merged hemispherical caps. An air channel allows to
tune the film stress � via the pressure di↵erence �p = pe�pi.

dard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection [10, 34]. The
additional (�1,�2)-terms will prove crucial below when
matching theory and experiments.

The detailed derivation (Supplementary Information),
combined with systematic asymptotic analysis of the pla-
nar limit R/h ! 1, allows us to express the coe�-
cients in Eq. (1) in terms of the standard material pa-
rameters: Poisson ratio of the film ⌫, e↵ective curva-
ture  = h/R, Young ratio ⌘ = 3Es/Ef , and excess
stress ⌃e = (�/�c) � 1 (Table I). The theory contains
only a single fitting parameter, c1, related to the cubic
stretching force term cu3. Equation (1) predicts that
the unbuckled solution u = 0 is stable for negative ex-
cess stresses ⌃e < 0, whereas wrinkling occurs for ⌃e � 0.
Linear stability analysis at ⌃e = 0 and  = 0 reproduces
the classical [35] pattern wavelength relation for planar
wrinkling �/h = 2⇡⌘�1/3 (Supplementary Information).

Numerical simulation of Eq. (1) is nontrivial due to the
metric dependence of the biharmonic operator 42 [33].
To compute the stationary wrinkling patterns (Fig. 1a-c)
predicted by Eq. (1), we implemented a C1-continuous
finite-element algorithms specifically designed for covari-
ant fourth-order problems (Methods). A main benefit of
Eq. (1), however, is that it enables analytical prediction
of the various pattern formation regimes.

Pattern selection

Pattern selection in the wrinkling regime ⌃e � 0 is a
nonlinear process and, therefore, cannot be inferred from
linear stability analysis. Numerical parameter scans of
Eq. (1) yield a variety of qualitatively di↵erent station-
ary states that can be classified as representatives of a
hexagonal phase (Fig. 1a), labyrinth phase (Fig. 1c), or
intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be under-
stood through a symmetry argument: The (b,�1)-terms
in Eq. (1) break the radial reflection invariance of its so-
lutions under the transformation u ! �u. Since b and
�1 are controlled by  = h/R (Table I), we expect a
curvature-induced SB transition at some critical value
of . Furthermore, recalling that the inclusion of similar
SB terms causes a transition from labyrinths to hexago-
nal patterns in the classical SH model [34], it is plausible
to expect a hexagonal phase at large curvatures  and
labyrinths at smaller values of  in our system.
To obtain a quantitative prediction for the phase

boundaries, we approximate Eq. (1) through a
standard SH equation and make use of estab-
lished results from nonlinear stability analysis [36].
Assuming plane-wave solutions with amplitude A
and wavevector k, the �1-term exerts an aver-
age force �1h(ru)2 + 2u4ui� = ��1A2k2/2 per wave-
length �. One may therefore approximate the �1-term
by an e↵ective quadratic force ��1k2u2, and similarly
the �2-term by an e↵ective cubic force �2k2u3/2 (Supple-
mentary Information). Inserting for k the most unstable
mode, k⇤ =

p
|�0|/(2�2), Eq. (1) can be approximated

by the standard SH equation

@t� = �24��42��A��B�2 � �3 (2)

�0 =
2

3
� 1

6

p
⌘4/3 + 24(1 + ⌫)2 + 164

a =
⌘4/3

12
+

6(1 + ⌫)� ⌘2/3

3
2 +

4

3
+ ã2⌃e

b = 3(1 + ⌫)3

c =
2(1 + ⌫)⌘2/3

3
c1 + (1 + ⌫)4

�1 =
1 + ⌫
2



�2 =
1 + ⌫
2

2

ã2 = �⌘4/3(c+ 3|�0|�2)
48�2

0

TABLE I: List of parameters for Eq. (1) in units h = 1, with
⌘ = 3Es/Ef , �2 = 1/12, ⌃e = (�/�c)� 1 and  = h/R. The
only remaining fitting parameter of the model is c1.
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FIG. 2: Notation and experimental system. a,
Schematic of a curved thin film adhering to a soft spheri-
cal substrate of outer radius R. b, The film (thickness h) is
driven towards a wrinkling instability by the compressive film
stress �, leading to wrinkling pattern with wavelength � and
radial displacement u. c, The experimental system consists
of two merged hemispherical caps. An air channel allows to
tune the film stress � via the pressure di↵erence �p = pe�pi.

dard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection [10, 34]. The
additional (�1,�2)-terms will prove crucial below when
matching theory and experiments.

The detailed derivation (Supplementary Information),
combined with systematic asymptotic analysis of the pla-
nar limit R/h ! 1, allows us to express the coe�-
cients in Eq. (1) in terms of the standard material pa-
rameters: Poisson ratio of the film ⌫, e↵ective curva-
ture  = h/R, Young ratio ⌘ = 3Es/Ef , and excess
stress ⌃e = (�/�c) � 1 (Table I). The theory contains
only a single fitting parameter, c1, related to the cubic
stretching force term cu3. Equation (1) predicts that
the unbuckled solution u = 0 is stable for negative ex-
cess stresses ⌃e < 0, whereas wrinkling occurs for ⌃e � 0.
Linear stability analysis at ⌃e = 0 and  = 0 reproduces
the classical [35] pattern wavelength relation for planar
wrinkling �/h = 2⇡⌘�1/3 (Supplementary Information).

Numerical simulation of Eq. (1) is nontrivial due to the
metric dependence of the biharmonic operator 42 [33].
To compute the stationary wrinkling patterns (Fig. 1a-c)
predicted by Eq. (1), we implemented a C1-continuous
finite-element algorithms specifically designed for covari-
ant fourth-order problems (Methods). A main benefit of
Eq. (1), however, is that it enables analytical prediction
of the various pattern formation regimes.

Pattern selection

Pattern selection in the wrinkling regime ⌃e � 0 is a
nonlinear process and, therefore, cannot be inferred from
linear stability analysis. Numerical parameter scans of
Eq. (1) yield a variety of qualitatively di↵erent station-
ary states that can be classified as representatives of a
hexagonal phase (Fig. 1a), labyrinth phase (Fig. 1c), or
intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be under-
stood through a symmetry argument: The (b,�1)-terms
in Eq. (1) break the radial reflection invariance of its so-
lutions under the transformation u ! �u. Since b and
�1 are controlled by  = h/R (Table I), we expect a
curvature-induced SB transition at some critical value
of . Furthermore, recalling that the inclusion of similar
SB terms causes a transition from labyrinths to hexago-
nal patterns in the classical SH model [34], it is plausible
to expect a hexagonal phase at large curvatures  and
labyrinths at smaller values of  in our system.
To obtain a quantitative prediction for the phase

boundaries, we approximate Eq. (1) through a
standard SH equation and make use of estab-
lished results from nonlinear stability analysis [36].
Assuming plane-wave solutions with amplitude A
and wavevector k, the �1-term exerts an aver-
age force �1h(ru)2 + 2u4ui� = ��1A2k2/2 per wave-
length �. One may therefore approximate the �1-term
by an e↵ective quadratic force ��1k2u2, and similarly
the �2-term by an e↵ective cubic force �2k2u3/2 (Supple-
mentary Information). Inserting for k the most unstable
mode, k⇤ =

p
|�0|/(2�2), Eq. (1) can be approximated

by the standard SH equation

@t� = �24��42��A��B�2 � �3 (2)

�0 =
2

3
� 1

6

p
⌘4/3 + 24(1 + ⌫)2 + 164

a =
⌘4/3

12
+

6(1 + ⌫)� ⌘2/3

3
2 +

4

3
+ ã2⌃e

b = 3(1 + ⌫)3

c =
2(1 + ⌫)⌘2/3

3
c1 + (1 + ⌫)4

�1 =
1 + ⌫
2



�2 =
1 + ⌫
2

2

ã2 = �⌘4/3(c+ 3|�0|�2)
48�2

0

TABLE I: List of parameters for Eq. (1) in units h = 1, with
⌘ = 3Es/Ef , �2 = 1/12, ⌃e = (�/�c)� 1 and  = h/R. The
only remaining fitting parameter of the model is c1.
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Figure 1 | Macroscopic and microscopic wrinkling morphologies of sti� thin films on spherically curved soft substrates. a–c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) �0 =�0.029,
a=0.00162, c=0.0025; (b) �0 =�0.04, a=�1.26⇥ 10�6, c=0.002; (c) �0 =�0.02, a= 1.49⇥ 10�4, c=0.0025 (see Table 1). d–f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Ef =2,100 kPa, R=20 mm, ⌫ =0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,
h=0.14 mm; (f) Es =63 kPa, h=0.10 mm. g–i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 µm.
Micrographs courtesy of D. Breid and A. Crosby28.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress � , leading to a wrinkling pattern with wavelength � and radial
displacement u. c, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress �

through the pressure di�erence 1p=pe �pi.

computational wrinkling studies26,27, their nonlinear tensorial
structure o�ers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a sti� film (Young modulus Ef) is adhered to a soft
substrate with Young modulus Es ⌧Ef.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h� 1 and

assume that film and substrate have the same Poisson ratio ⌫. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film–substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative ru and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial di�erential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

@t u = �01u��21
2u�au�bu2 �cu3

+�1
⇥
(ru)2 +2u1u

⇤+�2
⇥
u(ru)2 +u21u

⇤
(1)

Here, 1 denotes the Laplace–Beltrami operator, involving the
surface metric tensor of the sphere and Christo�el symbols of
the second kind, and 12 is the surface biharmonic operator35.
The (�0, �2) terms describe stress and bending, the (a, b, c)
terms comprise local film–substrate interactions and stretching
contributions, and the (�1, �2) terms account for higher-order
stretching forces. For �1 = �2 = 0, equation (1) reduces to the
standard Swift–Hohenberg equation, as originally derived in
the context of Rayleigh–Bénard convection10,36. The additional
(�1, �2) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h!1,
allows us to express the coe�cients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film ⌫,
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FIG. 2: Notation and experimental system. a,
Schematic of a curved thin film adhering to a soft spheri-
cal substrate of outer radius R. b, The film (thickness h) is
driven towards a wrinkling instability by the compressive film
stress �, leading to wrinkling pattern with wavelength � and
radial displacement u. c, The experimental system consists
of two merged hemispherical caps. An air channel allows to
tune the film stress � via the pressure di↵erence �p = pe�pi.

dard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection [10, 34]. The
additional (�1,�2)-terms will prove crucial below when
matching theory and experiments.

The detailed derivation (Supplementary Information),
combined with systematic asymptotic analysis of the pla-
nar limit R/h ! 1, allows us to express the coe�-
cients in Eq. (1) in terms of the standard material pa-
rameters: Poisson ratio of the film ⌫, e↵ective curva-
ture  = h/R, Young ratio ⌘ = 3Es/Ef , and excess
stress ⌃e = (�/�c) � 1 (Table I). The theory contains
only a single fitting parameter, c1, related to the cubic
stretching force term cu3. Equation (1) predicts that
the unbuckled solution u = 0 is stable for negative ex-
cess stresses ⌃e < 0, whereas wrinkling occurs for ⌃e � 0.
Linear stability analysis at ⌃e = 0 and  = 0 reproduces
the classical [35] pattern wavelength relation for planar
wrinkling �/h = 2⇡⌘�1/3 (Supplementary Information).

Numerical simulation of Eq. (1) is nontrivial due to the
metric dependence of the biharmonic operator 42 [33].
To compute the stationary wrinkling patterns (Fig. 1a-c)
predicted by Eq. (1), we implemented a C1-continuous
finite-element algorithms specifically designed for covari-
ant fourth-order problems (Methods). A main benefit of
Eq. (1), however, is that it enables analytical prediction
of the various pattern formation regimes.

Pattern selection

Pattern selection in the wrinkling regime ⌃e � 0 is a
nonlinear process and, therefore, cannot be inferred from
linear stability analysis. Numerical parameter scans of
Eq. (1) yield a variety of qualitatively di↵erent station-
ary states that can be classified as representatives of a
hexagonal phase (Fig. 1a), labyrinth phase (Fig. 1c), or
intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be under-
stood through a symmetry argument: The (b,�1)-terms
in Eq. (1) break the radial reflection invariance of its so-
lutions under the transformation u ! �u. Since b and
�1 are controlled by  = h/R (Table I), we expect a
curvature-induced SB transition at some critical value
of . Furthermore, recalling that the inclusion of similar
SB terms causes a transition from labyrinths to hexago-
nal patterns in the classical SH model [34], it is plausible
to expect a hexagonal phase at large curvatures  and
labyrinths at smaller values of  in our system.
To obtain a quantitative prediction for the phase

boundaries, we approximate Eq. (1) through a
standard SH equation and make use of estab-
lished results from nonlinear stability analysis [36].
Assuming plane-wave solutions with amplitude A
and wavevector k, the �1-term exerts an aver-
age force �1h(ru)2 + 2u4ui� = ��1A2k2/2 per wave-
length �. One may therefore approximate the �1-term
by an e↵ective quadratic force ��1k2u2, and similarly
the �2-term by an e↵ective cubic force �2k2u3/2 (Supple-
mentary Information). Inserting for k the most unstable
mode, k⇤ =

p
|�0|/(2�2), Eq. (1) can be approximated

by the standard SH equation

@t� = �24��42��A��B�2 � �3 (2)

�0 =
2

3
� 1

6

p
⌘4/3 + 24(1 + ⌫)2 + 164

a =
⌘4/3

12
+

6(1 + ⌫)� ⌘2/3

3
2 +

4

3
+ ã2⌃e

b = 3(1 + ⌫)3

c =
2(1 + ⌫)⌘2/3

3
c1 + (1 + ⌫)4

�1 =
1 + ⌫
2



�2 =
1 + ⌫
2

2

ã2 = �⌘4/3(c+ 3|�0|�2)
48�2

0

TABLE I: List of parameters for Eq. (1) in units h = 1, with
⌘ = 3Es/Ef , �2 = 1/12, ⌃e = (�/�c)� 1 and  = h/R. The
only remaining fitting parameter of the model is c1.
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FIG. 1: Macroscopic and microscopic wrinkling morphologies of sti↵ thin films on spherically curved soft
substrates. a-c, Theoretical predictions based on numerical steady-state solutions of Eq. (1). Color red (blue) signals inward
(outward) wrinkles. Simulation parameters: (a) �0 = �0.029, a = 0.00162, c = 0.0025, (b) �0 = �0.04, a = �1.26 · 10�6,
c = 0.002, (c) �0 = �0.02, a = 1.49 · 10�4, c = 0.0025 (see Table I). d-f, Experimentally observed patterns confirm the
transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h (see
Fig. 2) is increased. Scale bars: 10mm. Parameters: Ef = 2100 kPa, R = 20mm, ⌫ = 0.5 and (d) Es = 230 kPa, h = 0.630mm;
(e) Es = 29 kPa, h = 0.14mm; (f) Es = 63 kPa, h = 0.10mm. g-i, Oxide layers on microscopic PDMS hemispheres exhibit
a similar transition from hexagonal to labyrinth patterns when the excess film stress is increased via changes in the ambient
ethanol concentration (indicated in %). Scale bars 250µm. Micrographs courtesy of D. Breid and A. Crosby [27].

Theory of thin-film deformation on soft substrates

Our derivation starts from the covariant Koiter shell
equations [31], obtained from three-dimensional elasticity
theory through an expansion in the film thickness h ! 0.
Koiter’s model expresses the elastic energy of a freestand-
ing curved shell in terms of deformations of its central
surface (Supplementary Information). Although the Koi-
ter equations have been successfully used in computa-
tional wrinkling studies [25, 26], their nonlinear tenso-
rial structure o↵ers limited insight beyond linear stabil-
ity analysis. We found, however, that substantial analyt-
ical simplifications are possible when a sti↵ film (Young
modulus Ef ) is adhered to a soft substrate with Young
modulus Es ⌧ Ef .

As relevant to our experiments, which are described
in detail below, we consider a spherical geometry with
radius R/h � 1 and assume that film and substrate
have the same Poisson ratio ⌫. Generalizations to non-
spherical surfaces are obtained by replacing the met-
ric tensor appropriately. Continuity across the film-
substrate interface favors deformations that are domi-
nated by the radial displacement u (Fig. 2; from now

all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the
strain energy, which contains the original Koiter shell
energy density as well as additional substrate coupling
and overstress contributions, in terms of the covariant
surface derivative ru and powers of u (Supplementary
Information). Functional variation of the elastic energy
with respect to u then yields a nonlinear partial di↵er-
ential equation for the wrinkled equilibrium state of the
film. Assuming overdamped relaxation dynamics, one
thus obtains the following GSH equation (Supplementary
Information)

@tu = �04u� �242u� au� bu2 � cu3 +

(�1 + �2u) ·
⇥
(ru)2 + 2u4u

⇤
(1)

Here, 4 denotes the Laplace-Beltrami operator, involv-
ing the surface metric tensor of the sphere and Christof-
fel symbols of the second kind, and 42 is the surface
biharmonic operator [33]. The (�0, �2)-terms describe
stress and bending, the (a, b, c)-terms comprise local film-
substrate interactions and stretching contributions, and
the (�1,�2)-terms account for higher-order stretching
forces. For �1 = �2 = 0, Eq. (1) reduces to the stan-

4

where � = u/u⇤, u⇤ = |�0|/
p

(c/3) + �2|�0|, A = 3a/�2

0
,

and B = u⇤ [(b/3) + 2|�0|�1] /�2

0
. Nonlinear stability

analysis of Eq. (2) yields the critical phase transition
curves as functions of A and B [33]. Note that the coe�-
cients in Eq. (2) can be directly traced back to geometric
and material parameters, whereas in many other pattern
formation processes SH-type equations have been applied
in a purely phenomenologically manner only [5]. In terms
of the original system parameters, one finds the stability
criteria (Supplementary Information)

Hexagonal phase: �2/(20c2
1
) < ⌃e < 2/c2

1

Bistable phase: 2/c2
1
< ⌃e < 42/c2

1
(3)

Labyrinth phase: 42/c2
1
< ⌃e

where the only fitting parameter c1 sets the strength of
the cubic stretching force. In the bistable coexistence
phase, both hexagon and labyrinth solutions are stable,
suggesting a strong dependence on initial conditions in
this regime (Fig. 4).

Equation (3) confirms our qualitative symmetry argu-
ment and implies, moreover, that the pattern formation
transitions can be controlled not only by curvature, but
also through the excess film stress ⌃e, in agreement with
recent experimental results [25] (Fig. 1g-i).

Comparison with experiments

We test the theoretical predictions, obtained from
Eqs. (1)–(3), by studying the wrinkling of centimeter-
sized coated PDMS elastomer hemispheres (Methods).
In our experiments, wrinkling is controlled by the
swelling of the film during fabrication and by manual
depressurization after fabrication (Fig. 2a,c). The dis-
placement field u, from which the excess film stress ⌃e

can be estimated via amplitude measurements [27], is ob-
tained from 3D surface scans (Methods).

The experimental data confirm quantitatively the the-
oretically predicted curvature-induced phase transitions
from hexagons to labyrinths (Figs. 1 and 3). At high val-
ues of curvature  = h/R, we find the hexagonal phase,
characterized by localized spherical depression that are
typically surrounded by 6 neighbours (Fig. 1a,d), al-
though occasional topological defects with 5 or 7 neigh-
bours exist as required by Euler’s polyhedral theo-
rem [34]. As predicted by Eq. (1), experimentally ob-
served hexagons always buckle inwards. For intermedi-
ate values of , the experiments further confirm coex-
isting domains of hexagonal and labyrinth-like patterns
(Fig. 1b,e). In our simulations of Eq. (1), we find that the
energy of such hybrid patterns remains constant asymp-
totically, suggesting that they are not transient but corre-
spond to stable local energy minima. When the curvature
is decreased,  ! 0, at constant stress ⌃e, the experimen-
tal system transitions into the labyrinth phase (Fig. 1c,f),
characterized by a network of connected ridges and ex-
tended but disconnected valleys (Fig. 1f). Equation (1)
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FIG. 3: Phase diagram of wrinkling morphologies. Ex-
perimental data points for hexagonal (blue), bistable (yel-
low) and labyrinth (red) patterns are shown for di↵erent val-
ues of curvature radius R/h = �1 and excess film stress
⌃e. Symbols indicate the elastic moduli ratio ⌘ = 3Es/Ef

(⌅ : ⌘ = 0.019, • : ⌘ = 0.036, | : ⌘ = 0.041, H : ⌘ = 0.055,
⌥ : ⌘ = 0.09, N : ⌘ = 0.328). The data suggest that phase
boundaries are independent of ⌘ in the experimentally tested
range. Only the largest vertical error bars are shown (stan-
dard deviation). Horizontal error bars are smaller than the
symbol size. Solid lines are theoretically predicted phase
boundaries, obtained from Eq. (3) with fitting parameter
c1 = 0.018 (Table I).

shows that this ridge-valley asymmetry is due to the
small but non-vanishing SB e↵ect of curvature.
Moreover, in agreement with previous micro-scale

experiments [25] (Fig. 1g-i), Eqs. (1) and (3) imply
that the phase transition from hexagons to labyrinths
can also be triggered by increasing the excess film
stress ⌃e = (�/�c)� 1 at constant surface curvature.
The morphological phase diagram constructed from our
macro-scale data confirms this prediction (Fig. 3). In
particular, by fixing just a single fitting parameter c1 =
0.018, the analytical results for the two critical curves
in Eq. (3) are in good quantitative agreement with the
experimental data for a wide range of Young modulus
ratios ⌘ = 3Es/Ef (Fig. 3). Strikingly, we find that the
phase boundaries are independent of ⌘ over the range
0.019 < ⌘ < 0.328 realized in our experiments, suggest-
ing that the parameter c1 may be a universal numerical
constant independent of material properties.

Predictions for future experiments

The good agreement between theory and currently
available experimental data encourages additional pre-
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5

APPLICATION TO SPHERICAL GEOMETRIES

For a spherical geometry described with metric ten-
sor (12) and radius R, we have H = �1/R, K = 1/R2.
Thus

R = 2/R2
, S = �2/R3

, T = 2/R4 (36)

Total energy density. Noting that the sphere has con-
stant mean and Gaussian curvature H and K, Eq. (36)
allows to simplify the total energy density (34) consider-
ably,

Ē =

Z

!
d!


�0

2
(ru)2 +

�2

2
(4u)2 +

a

2
u
2 +

b

3
u
3 +

c

4
u
4+

�1 (ru)2 u+
�2

2
(ru)2 u2

�
(37)

with coe�cients

�0 = h�̄(1 + ⌫) +
h
3

3R2

�2 =
h
3

12

a =
2h(1 + �̄)(1 + ⌫)

R2
+

h
3

3R4
+

Es(1� ⌫
2)

Ef

ã

h
+

ã2

h
⌃e

b =
3h(1 + ⌫)

R3

c =
h(1 + ⌫)

R4
+ 2

Es(1� ⌫
2)

Ef
c̃

�1 =
h(1 + ⌫)

2R

�2 =
h(1 + ⌫)

2R2
(38)

Equations of motions

To identify the equilibrium configurations, we assume
that the film exhibits an overdamped relaxation dynam-
ics. Then, the equations of motion follow by functional
variation of the elastic energy (37) with respect to the
displacement field u,

⇢

⌧0
@tu = ��E

�u
(39)

where ⇢ is the constant surface mass density of the film
and ⌧0 the damping-time scale. The relaxation dynam-
ics (39) can be written in the equivalent form

µ@tu = ��Ē
�u

(40a)

where the coe�cient

µ =
⇢(1� ⌫

2)

⌧0Ef
(40b)

is the inverse relaxation speed. Calculating the functional
derivative �Ē/�u gives

µ@tu = �04u� �242
u� au� bu

2 � cu
3 + (41)

�1

h
(ru)2 + 2u4u

i
+ �2

h
u (ru)2 + u

24u

i

Since we are only interested in the steady-state solutions,
the exact value of µ is not relevant for our analysis. It
is convenient to rewrite Eq. (41) in dimensionless form
by measuring length in units of the film thickness h and
time in units of ⌧h = µh. Introducing the dimensionless
curvature parameter

 = h/R (42)

Eq. (41) reduces to

@tu = �04u� �242
u� au� bu

2 � cu
3 + (43)

�1

h
(ru)2 + 2u4u

i
+ �2

h
u (ru)2 + u

24u

i

with rescaled dimensionless parameters

�0 = �̄(1 + ⌫) +

2

3
< 0

�2 =
1

12

a = 2(1 + �̄)(1 + ⌫)2 +

4

3
+

Es(1� ⌫
2)

Ef
ã+ ã2⌃e

b = 3(1 + ⌫)3

c = (1 + ⌫)4 + 2
Es(1� ⌫

2)

Ef
c̃

�1 =
(1 + ⌫)

2

�2 =
(1 + ⌫)2

2
(44)

Note that the covariant derivatives r and 4 in Eq. (43)
are now also defined with respect to the rescaled dimen-
sionless sphere of radius 

�1 = R/h. Given the dimen-
sionless parameters in Eq. (44), the corresponding values
in physical units are recovered through the transforma-
tions

u ! hu, R ! h/, t ! µht

�0 ! h�0, �2 ! h
3
�2

a ! a/h, b ! b/h
2
, c ! c/h

3

�1 ! �1, �2 ! �2/h (45)

As evident from Eq. (44), the model is specified
through dimensionless parameters

(, �̄, Es/Ef , ⌫, ã, ã2, c̃) (46)

4

into the coe�cients ã and c̃, but simplifies subsequent for-
mulas. Note that Esub contains a term linear in u because
we are considering the state of the film-substrate system
around a flat but displaced equilibrium solution u0. This
linear term gives rise to a corresponding constant normal
force that is needed to balance the internal normal forces
of the film.

Energy due to excess film stress. Finally, we still have
to account for the excess film stress

⌃e ⌘
�

�c
� 1 (33a)

where � is the film stress and �c the critical stress needed
for wrinkling. In our model, the energy due to excess film
stress is included by adding a term

E� =
Ef

2(1� ⌫2)

Z

!
d!

ã2

h
⌃eu

2 (33b)

to the KS energy from Eq. (14a). The energy contri-
bution E� is crucial for capturing the system behavior
beyond the wrinkling instability. We discuss below how
the dimensionless parameter ã2 is related to the elastic
properties of the substrate. The u

2-dependence of E� is
a classical result from elastic wrinkling theory [5], ensur-
ing that the amplitude-stress relationship in the e↵ective
model agrees with classical wrinkling theory, as is shown
in detail further below.

Total energy density. Adding the contributions due
to substrate coupling, external forces and excess stress to
the KS energy (14a), we obtain the total elastic energy

E =
Ef

1� ⌫2
Ē (34a)

where to leading order
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Note that for compressive stresses �̄ < 0. Thus, for suf-
ficiently large film pre-stress, �0 < 0. To obtain this
e↵ective energy functional, the following additional sim-
plifications and assumptions were adopted:

• Constant terms. We neglected all constant terms
in the energy, as they will not contribute to the
equations of motion, obtained by variation of the
energy with respect to u.

• Terms linear in u. We note that the term linear
in u gives rise to a inhomogeneous, constant term
in the equation of motion. However, u = 0 always
is an equilibrium solution by construction. More
precisely, u = 0 means that the film is radially dis-
placed by u0, which is a fundamental solution of
the problem. Therefore, the inhomogeneous term
in the equation of motion has to vanish, implying
that the coe�cient of the energy term linear in u

must be zero. The mechanical interpretation of this
condition is straightforward: For u = 0 to be an
equilibrium solution, the sum of all normal forces
acting on the film must vanish.

• Quartic terms. The quartic terms in u and
ru ensure that the e↵ective theory remains sta-
ble above the wrinkling threshold, as these terms
limit the growth of the most unstable modes. To
keep the theory as simple as possible, we only
include the dominant u

4-contribution and neglect
terms / (ru)4.

Taking the variation of Ē with respect to u, we obtain

��Ē
�u

= �04u� �242
u� au� bu

2 � cu
3 + (35)
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where r· denotes the surface divergence.
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Solution of the Foppl-von Karman 
equations for viruses (arbitrary vK!)

ÁShape depends only on the 
‘von-Karman number’ vK = YR2/κ

κ = bending rigidity of shell
Y = Young’s modulus of shell
R = mean virus radius

Á(vK)c= 154 in flat space….

J. Lidmar, L. Mirny and drn, Phys. Rev. E68, 
051910  (2003)

vK = YR2/κ
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4

π π π π
0

2

4

6

8

10
Positive to positive
Neutral to positive
Negative to positive

0 ⇡/4 ⇡/2 3⇡/4 ⇡
0

1

2

3

4

5

6

0 ⇡/4 ⇡/2 3⇡/4 ⇡ 

 

 

 

 

✓
R

r
�

t

Aspect ratio r/R

T
ra

n
si

ti
on

 a
n
gl

e 
�

c 
[r

ad
]

(b)

|�| [rad] 

(a)

(e) (f)

Eq. 2
R/� = 40
R/� = 80

R/�
s>0 s<0

[p = 6.9]
[p = 3.0]
[p = 0.0]
[p = 0.0]

40
80
120
160

[n = 4.5]
[n = 5.9]
[n = 2.3]
[n = 0.1]

�
 [
ra

d
] 

�
 [
ra

d
] 

-⇡

0

⇡

-⇡ 0 ⇡
-⇡

0

⇡

(c)

|�| [rad] 

O
ri

en
ta

ti
on

 ↵
 [
ra

d
] 

13.2

0

Neutral

13.9

0

Negative

Positive
15.6

0

P(↵,|�|)

P
D

F
 P

(|�
|)

⇡

3⇡
4

⇡
4

⇡
2

0
0 0.25 0.5 0.75 1
 

 

 

 

 ⇡
2

3⇡
8

⇡
8

⇡
4

0

✓ [rad] 

0 ⇡/8 ⇡/4 3⇡/8 /2⇡
0

2

4

6

8

10
Positive to positive
Neutral to positive
Negative to positive

(d)

P
D

F
 P

(�
✓)

�✓ [rad] 

-⇡ 0 ⇡
✓ [rad] 

FIG. 4. (color online) Defect localization and superstructures on tori. (a) Pure hexagonal wrinkling phases are stable only for
tori with r/R < 1/3 (shaded). Stripe-like patterns occur at angles � > �c for larger aspect ratios. Numerical simulations agree
well with the theoretical predictions (solid line). (b) Isolated penta- and heptagonal defects segregate; p and n are the average
numbers of positive and negative disclinations per torus. (c) Orientations of charged scars and neutral pleats correlate strongly
with their transversal centroid position |�|. (d) Defect positions are also strongly correlated along ✓. (e,f) While this positional
ordering is less prominent in small systems (e, R/h = 40), it becomes apparent for larger systems (f, R/h = 160). The toroidal
superstructure (highlighted through black lines) follows geodesics of minimal integrated Gaussian curvature (green).

ment with Eq. (2), see Fig. 4a. The existence of a pure
hexagonal phase for r/R < 1/3 makes it possible to study
toroidal crystals in thin-film wrinkling experiments.

Focussing on hexagonal patterns on thin tori with
r/R = 0.2, our simulations show that spatial defect
localization is strongly controlled by the interplay of
Gaussian curvature and topology. The requirement of
a vanishing net charge implies that positive and neg-
ative disclinations appear in pairs. Their spatial ar-
rangement follows an electrostatic analogy [21], in which
defects are interpreted as charged particles and curva-
ture acts as an electric field. In this picture, five-fold
disclinations are attracted to regions of positive Gaus-
sian curvature at the outer rim of the torus (� = 0),
whereas seven-fold disclinations migrate to the inside of
the torus (|�| = ⇡). This geometry-induced separation
of charges is directly reflected in the PDF of the individ-
ual disclinations (Fig. 4b). Analogous to the ellipsoidal
case, the total number of isolated disclinations (see val-
ues p and n for positive and negative charges in Fig. 4b)
decreases with system size, as defects tend aggregate in
chains (Fig. 4e,f). Interestingly, we find that the electro-
static analogy extends to defect chains: Positive scars
screen Gaussian curvature on the outer rim; negative
scars appear near the inside; neutral pleats concentrate
in the regions of vanishing Gaussian curvature, |�| = ⇡/2
(Fig. 4c). In addition to their spatial segregation, defect
chains become oriented by geometric forces. Measuring
the orientation angle ↵ of a chain relative to the tan-
gent vector t along ��direction (Fig. 4a), we find that
charged scars preferentially align parallel to the equato-

rial lines such that ↵ ⇠ ⇡/2, whereas neutral pleats tend
orient vertically with ↵ ⇠ 0 (Fig. 4c). This orientational
ordering can be understood qualitatively by considering
the end-points of a defect chain. For scars, both end-
points have the same charge and therefore migrate to
regions of same Gaussian curvature (� ⇠ 0 for positively
charged endpoints, � ⇠ ⇡ for negatively charged ones),
e↵ectively orienting the scar perpendicular (↵ = ⇡/2)
to lines � = const. By contrast, pleats have oppositely
charges ends and hence mimic electric dipoles that be-
come oriented by curvature to achieve ↵ = 0.

Remarkably, our simulations reveal that defects not
only orient and segregate in the torus curvature field –
they also break the rotational symmetry of the toroidal
crystal in favor of an emergent discrete symmetry. More
precisely, by analyzing the lattice structure on large tori,
we find that defects arrange along an undulating periodic
deformation pattern (highlighted through black lines in
Fig. 4e). This superstructure still carries a fingerprint
of the underlying toroidal geometry: Geodesics g(�) =
(�, ✓(�)) on a torus are solutions of [37]
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where c is a constant obeying Claireaut’s geodesic rela-
tion c = (R + r cos �) sin �, with � denoting the angle
between the tangent g0 and t [37]. Integrating Eq. (3)
numerically, we find that the lattice deformation follows
a geodesic passing through � = 1.47 at its highest point
with � = ⇡/2 (highlighted green in Fig. 4f). The phase
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Dynamics: Kibble-Zurek mechanism (KZM)
Kibble & Zurek (1970s): System driven through a 2nd order phase transition  

• exhibits critical slowing-down  
• dynamics cannot follow changes of external system parameters 
• density of topological defects after quench reveals information about the quench dynamics 
• observed topological structures in the universe provide a window into early evolution

KZ predictions:

Elastic surface crystals as testbed for 
KZM in curved geometries?

4

where � = u/u⇤, u⇤ = |�0|/
p

(c/3) + �2|�0|, A = 3a/�2

0
,

and B = u⇤ [(b/3) + 2|�0|�1] /�2

0
. Nonlinear stability

analysis of Eq. (2) yields the critical phase transition
curves as functions of A and B [36]. Note that the coe�-
cients in Eq. (2) can be directly traced back to geometric
and material parameters, whereas in many other pattern
formation processes SH-type equations have been applied
only in a purely phenomenologically manner [6]. In terms
of the original system parameters, one finds the stability
criteria (Supplementary Information)

Hexagonal phase: �2/(20c2
1
) < ⌃e < 2/c2

1

Bistable phase: 2/c2
1
< ⌃e < 42/c2

1
(3)

Labyrinth phase: 42/c2
1
< ⌃e

where the parameter c1 sets the strength of the cubic
stretching force (Table I). In the bistable coexistence
phase, both hexagon and labyrinth solutions are stable,
suggesting a strong dependence on initial conditions in
this regime (Fig. 4).

Equation (3) confirms our qualitative symmetry argu-
ment and implies, moreover, that the pattern formation
transitions can be controlled not only by curvature, but
also through the excess film stress ⌃e, in agreement with
recent experimental results [27] (Fig. 1g-i).

Comparison with experiments

We test the theoretical predictions, obtained from
Eqs. (1)–(3), by studying the wrinkling of centimeter-
sized coated PDMS elastomer hemispheres (Methods).
In our experiments, wrinkling is controlled by the
swelling of the film during fabrication and by manual
depressurization after fabrication (Fig. 2a,c). The dis-
placement field u, from which the excess film stress ⌃e

can be estimated via amplitude measurements [30], is ob-
tained from 3D surface scans (Methods).

The experimental data confirm quantitatively the the-
oretically predicted curvature-induced phase transitions
from hexagons to labyrinths (Figs. 1 and 3). At high val-
ues of curvature  = h/R, we find the hexagonal phase,
characterized by localized spherical depression that are
typically surrounded by 6 neighbours (Fig. 1a,d), al-
though occasional topological defects with 5 or 7 neigh-
bours exist as required by Euler’s polyhedral theo-
rem [37]. As predicted by Eq. (1), experimentally ob-
served hexagons always buckle inwards. For intermedi-
ate values of , the experiments further confirm coex-
isting domains of hexagonal and labyrinth-like patterns
(Fig. 1b,e). In our simulations of Eq. (1), we find that the
energy of such hybrid patterns remains constant asymp-
totically, suggesting that they are not transient but corre-
spond to stable local energy minima. When the curvature
is decreased,  ! 0, at constant stress ⌃e, the experimen-
tal system transitions into the labyrinth phase (Fig. 1c,f),
characterized by a network of connected ridges and ex-
tended but disconnected valleys (Fig. 1f). Equation (1)
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FIG. 3: Phase diagram of wrinkling morphologies. Ex-
perimental data points for hexagonal (blue), bistable (yel-
low) and labyrinth (red) patterns are shown for di↵erent val-
ues of curvature radius R/h = �1 and excess film stress
⌃e. Symbols indicate the elastic moduli ratio ⌘ = 3Es/Ef

(⌅ : ⌘ = 0.019, • : ⌘ = 0.036, | : ⌘ = 0.041, H : ⌘ = 0.055,
⌥ : ⌘ = 0.09, N : ⌘ = 0.328). The data suggest that
phase boundaries are independent of ⌘ in the experimentally
tested range. Only the largest vertical error bars are shown
(standard deviation of 12 amplitude measurements; Meth-
ods). Horizontal error bars are smaller than the symbol size.
Solid lines are theoretically predicted phase boundaries, ob-
tained from Eq. (3) with parameter c1 = 0.0188 (Table I).

shows that this ridge-valley asymmetry is due to the
small but non-vanishing SB e↵ect of curvature.
Moreover, in agreement with previous micro-scale

experiments [27] (Fig. 1g-i), Eqs. (1) and (3) imply
that the phase transition from hexagons to labyrinths
can also be triggered by increasing the excess film
stress ⌃e = (�/�c)� 1 at constant surface curvature.
The morphological phase diagram constructed from our
macro-scale data confirms this prediction (Fig. 3). In
particular, by fixing just a single fitting parameter c1 =
0.0188±0.0002, the analytical results for the two critical
curves in Eq. (3) are in good quantitative agreement with
the experimental data for a wide range of Young modu-
lus ratios ⌘ = 3Es/Ef (Fig. 3). Strikingly, we find that
the phase boundaries are independent of ⌘ over the range
0.019 < ⌘ < 0.328 realized in our experiments, suggest-
ing that the parameter c1 may be a universal numerical
constant independent of material properties.

Predictions for future experiments

The good agreement between theory and currently
available experimental data encourages additional pre-
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Dynamics of phase transition
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Figure 4 | Bifurcation diagram of wrinkling patterns. Stability analysis of equation (2) predicts two hysteresis cycles, shown here for R/h=40. Solid
(dashed) lines correspond to stable (unstable) amplitude solutions; see equation (4) and Supplementary Information. a, The hysteresis path across the
bistable phase is realized by first decreasing (red) and subsequently increasing (blue) the excess stress ⌃e. b, Enlarged view of the second
curvature-dependent hysteresis cycle near ⌃e =0, corresponding to the highlighted region in a. Starting from a stable unwrinkled solution at ⌃e <0, the
system switches to a hexagonal state at ⌃e =0 (blue path). When decreasing the excess stress again to negative values (red), the hexagons remain stable
in the subcritical region until a critical value ⌃e =��⌃e is reached. The width �⌃e and height �UH of this hysteresis loop depend on curvature  =h/R; see
equation (4).

Comparison with experiments
We test the theoretical predictions, obtained from equations (1)–(3),
by studying the wrinkling of centimetre-sized polydimethylsiloxane
(PDMS)-coated elastomer hemispheres (Methods). In our experi-
ments, wrinkling is controlled by the swelling of the film during fab-
rication and bymanual depressurization after fabrication (Fig. 2a,c).
The displacement field u, from which the excess film stress ⌃e can
be estimated through amplitude measurements32, is obtained from
three-dimensional (3D) surface scans (Methods).

The experimental data confirm quantitatively the theoretically
predicted curvature-induced phase transitions from hexagons
to labyrinths (Figs 1 and 3). At high values of curvature
 =h/R, we find the hexagonal phase, characterized by localized
spherical depressions that are typically surrounded by 6 neighbours
(Fig. 1a,d), although occasional topological defects with 5 or 7
neighbours exist as required by Euler’s polyhedral theorem39. As
predicted by equation (1), experimentally observed hexagons always
buckle inwards. For intermediate values of  , the experiments
further confirm coexisting domains of hexagonal and labyrinth-like
patterns (Fig. 1b,e). In our simulations of equation (1), we find that
the energy of such hybrid patterns remains constant asymptotically,
suggesting that they are not transient but correspond to local energy
minima. When the curvature is decreased,  ! 0, at constant
stress ⌃e, the experimental system transitions into the labyrinth
phase (Fig. 1c,f), characterized by a network of connected ridges and
extended but disconnected valleys (Fig. 1f). Equation (1) shows that
this ridge–valley asymmetry is due to the small but non-vanishing
symmetry-breaking e�ect of curvature.

Moreover, in agreement with previous microscale experiments28
(Fig. 1g–i), equations (1) and (3) imply that the phase transition
from hexagons to labyrinths can also be triggered by increasing
the excess film stress ⌃e =(�/�c)�1 at constant surface curvature.
Themorphological phase diagram constructed fromourmacroscale
data confirms this prediction (Fig. 3). In particular, by fixing just a
single fitting parameter c1 = 0.0188± 0.0002, the analytical results
for the two critical curves in equation (3) are in good quantitative
agreement with the experimental data for a wide range of Young
modulus ratios ⌘=3Es/Ef (Fig. 3). Strikingly, we find that the phase
boundaries are independent of ⌘ over the range 0.019<⌘ < 0.328
realized in our experiments, suggesting that the parameter c1 may be
a universal numerical constant independent of material properties.

Predictions for future experiments
The good agreement between theory and available experimental
data encourages additional predictions that ought to be tested in

future experiments. The nonlinear stability analysis of equation (2)
suggests that, for su�ciently small overstress ⌃e, the hexagonal
phase continues to exist even for weakly curved substrates32
with  ⌧ 1 (Fig. 3). Simulations of equation (1) for time-varying
overstress ⌃e(t) confirm that, owing to the presence of symmetry-
breaking terms for  6= 0, hexagonal patterns always appear first
after crossing the wrinkling threshold ⌃e = 0 from below. Once
the hexagons have been formed, they remain stable throughout
the bistable phase when the film stress is slowly increased. A
similar reverse e�ect is observed when the film stress is slowly
decreased in simulations that start from the labyrinth phase. In
this case, the labyrinths persist throughout the bistable region.
Equation (1) makes it possible to understand such memory e�ects
analytically (Fig. 4).

Specifically, the above bifurcation analysis of equations (1)–(3)
predicts two hysteresis cycles. The first cycle relates to the onset of
wrinkling at ⌃e =0 (Fig. 4b), whereas the second encompasses the
bistable phase (Fig. 4a). The amplitudeUH =maxuH �minuH of the
hexagonal solutions uH grows according to a square-root law, shifted
by the coe�cient of the symmetry-breaking term in equation (2)
(Supplementary Information),

UH = 3
5

"

Bu⇤ +
r

(Bu⇤)2 +
45⌃e

4

#

(4)

where Bu⇤ '3/(4c1) to leading order in  , with B and u⇤ as
defined in equation (2). Equation (4) implies that, for  > 0, the
hexagonal phase is stable subcritically: on reducing the excess
film stress from the hexagonal phase, hexagons remain stable
even when the film stress is below the critical wrinkling stress �c
(Fig. 4b). The width of the subcritical region, �⌃e = 2/(20c21 ),
and the amplitude at onset, �UH =UH(⌃e =0)=9/(10c1), scale
with  . The bifurcation at ⌃e =0 is transcritical, corresponding to a
Lifshitz point38. Such bifurcations are typical of Swift–Hohenberg-
type models, and have been predicted and observed in optics40 and
nonlinear biological and chemical systems41. For values of ⌃e in
the subcritical hysteresis region, the hexagonal and the flat state
are simultaneously stable in a narrow parameter range, potentially
allowing for localized hexagonal patterns as found for the standard
Swift–Hohenberg equation42,43.

The detailed analysis of the second hysteresis cycle (Fig. 4a)
shows that the amplitude UL of the labyrinth solutions follows a
square-root law (Supplementary Information). Starting from the
labyrinth phase, the system remains in a labyrinth state when the
film stress is lowered across the bistable region until one reaches the
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Freeze-out time follows KZ scaling
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Figure 4 | Bifurcation diagram of wrinkling patterns. Stability analysis of equation (2) predicts two hysteresis cycles, shown here for R/h=40. Solid
(dashed) lines correspond to stable (unstable) amplitude solutions; see equation (4) and Supplementary Information. a, The hysteresis path across the
bistable phase is realized by first decreasing (red) and subsequently increasing (blue) the excess stress ⌃e. b, Enlarged view of the second
curvature-dependent hysteresis cycle near ⌃e =0, corresponding to the highlighted region in a. Starting from a stable unwrinkled solution at ⌃e <0, the
system switches to a hexagonal state at ⌃e =0 (blue path). When decreasing the excess stress again to negative values (red), the hexagons remain stable
in the subcritical region until a critical value ⌃e =��⌃e is reached. The width �⌃e and height �UH of this hysteresis loop depend on curvature  =h/R; see
equation (4).

Comparison with experiments
We test the theoretical predictions, obtained from equations (1)–(3),
by studying the wrinkling of centimetre-sized polydimethylsiloxane
(PDMS)-coated elastomer hemispheres (Methods). In our experi-
ments, wrinkling is controlled by the swelling of the film during fab-
rication and bymanual depressurization after fabrication (Fig. 2a,c).
The displacement field u, from which the excess film stress ⌃e can
be estimated through amplitude measurements32, is obtained from
three-dimensional (3D) surface scans (Methods).

The experimental data confirm quantitatively the theoretically
predicted curvature-induced phase transitions from hexagons
to labyrinths (Figs 1 and 3). At high values of curvature
 =h/R, we find the hexagonal phase, characterized by localized
spherical depressions that are typically surrounded by 6 neighbours
(Fig. 1a,d), although occasional topological defects with 5 or 7
neighbours exist as required by Euler’s polyhedral theorem39. As
predicted by equation (1), experimentally observed hexagons always
buckle inwards. For intermediate values of  , the experiments
further confirm coexisting domains of hexagonal and labyrinth-like
patterns (Fig. 1b,e). In our simulations of equation (1), we find that
the energy of such hybrid patterns remains constant asymptotically,
suggesting that they are not transient but correspond to local energy
minima. When the curvature is decreased,  ! 0, at constant
stress ⌃e, the experimental system transitions into the labyrinth
phase (Fig. 1c,f), characterized by a network of connected ridges and
extended but disconnected valleys (Fig. 1f). Equation (1) shows that
this ridge–valley asymmetry is due to the small but non-vanishing
symmetry-breaking e�ect of curvature.

Moreover, in agreement with previous microscale experiments28
(Fig. 1g–i), equations (1) and (3) imply that the phase transition
from hexagons to labyrinths can also be triggered by increasing
the excess film stress ⌃e =(�/�c)�1 at constant surface curvature.
Themorphological phase diagram constructed fromourmacroscale
data confirms this prediction (Fig. 3). In particular, by fixing just a
single fitting parameter c1 = 0.0188± 0.0002, the analytical results
for the two critical curves in equation (3) are in good quantitative
agreement with the experimental data for a wide range of Young
modulus ratios ⌘=3Es/Ef (Fig. 3). Strikingly, we find that the phase
boundaries are independent of ⌘ over the range 0.019<⌘ < 0.328
realized in our experiments, suggesting that the parameter c1 may be
a universal numerical constant independent of material properties.

Predictions for future experiments
The good agreement between theory and available experimental
data encourages additional predictions that ought to be tested in

future experiments. The nonlinear stability analysis of equation (2)
suggests that, for su�ciently small overstress ⌃e, the hexagonal
phase continues to exist even for weakly curved substrates32
with  ⌧ 1 (Fig. 3). Simulations of equation (1) for time-varying
overstress ⌃e(t) confirm that, owing to the presence of symmetry-
breaking terms for  6= 0, hexagonal patterns always appear first
after crossing the wrinkling threshold ⌃e = 0 from below. Once
the hexagons have been formed, they remain stable throughout
the bistable phase when the film stress is slowly increased. A
similar reverse e�ect is observed when the film stress is slowly
decreased in simulations that start from the labyrinth phase. In
this case, the labyrinths persist throughout the bistable region.
Equation (1) makes it possible to understand such memory e�ects
analytically (Fig. 4).

Specifically, the above bifurcation analysis of equations (1)–(3)
predicts two hysteresis cycles. The first cycle relates to the onset of
wrinkling at ⌃e =0 (Fig. 4b), whereas the second encompasses the
bistable phase (Fig. 4a). The amplitudeUH =maxuH �minuH of the
hexagonal solutions uH grows according to a square-root law, shifted
by the coe�cient of the symmetry-breaking term in equation (2)
(Supplementary Information),

UH = 3
5

"

Bu⇤ +
r

(Bu⇤)2 +
45⌃e

4

#

(4)

where Bu⇤ '3/(4c1) to leading order in  , with B and u⇤ as
defined in equation (2). Equation (4) implies that, for  > 0, the
hexagonal phase is stable subcritically: on reducing the excess
film stress from the hexagonal phase, hexagons remain stable
even when the film stress is below the critical wrinkling stress �c
(Fig. 4b). The width of the subcritical region, �⌃e = 2/(20c21 ),
and the amplitude at onset, �UH =UH(⌃e =0)=9/(10c1), scale
with  . The bifurcation at ⌃e =0 is transcritical, corresponding to a
Lifshitz point38. Such bifurcations are typical of Swift–Hohenberg-
type models, and have been predicted and observed in optics40 and
nonlinear biological and chemical systems41. For values of ⌃e in
the subcritical hysteresis region, the hexagonal and the flat state
are simultaneously stable in a narrow parameter range, potentially
allowing for localized hexagonal patterns as found for the standard
Swift–Hohenberg equation42,43.

The detailed analysis of the second hysteresis cycle (Fig. 4a)
shows that the amplitude UL of the labyrinth solutions follows a
square-root law (Supplementary Information). Starting from the
labyrinth phase, the system remains in a labyrinth state when the
film stress is lowered across the bistable region until one reaches the
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bifurcation from flat state u=0 
to hexagonal pattern at Σe=0
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Adiabatic/equilibrium Linear quench ⌃e(t) = µt )
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Freeze-out time follows KZ scaling
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Defect density follows KZ predictions !?

Stoop & Dunkel (2016) Preprint

Voronoi tessellation at freeze-out Σef
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